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GLOBAL WELL-POSEDNESS AND SCATTERING OF THE 
(4+l)-DIMENSIONAL MAXWELL-KLEIN-GORDON EQUATION 

SUNG-JIN OH AND DANIEL TATARU 


Abstract. This article constitutes the final and main part of a three-paper sequence 
[24l [25], whose goal is to prove global well-posedness and scattering of the energy criti¬ 
cal Maxwell-Klein-Gordon equation (MKG) on for arbitrary finite energy initial data. 
Using the successively stronger continuation/scattering criteria established in the previous 
two papers [24l [25] , we carry out a blow-up analysis and deduce that the failure of global 
well-posedness and scattering implies the existence of a nontrivial stationary or self-similar 
solution to MKG. Then, by establishing that such solutions do not exist, we complete the 
proof. 
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1. Introduction 

In this article we prove global well-posedness and scattering of the energy critical Maxwell- 
Klein-Gordon equation on for any hnite energy initial data data. In Section 11.11 we 
present some background material concerning the Maxwell-Klein-Gordon equation on 
Readers already familiar with this equation may skip to Section 11.21 where we give a precise 
statement of the main theorem fTheorem ll.3p . This paper is the main and logically the hnal 
part of the three-paper sequence p4ll25] . In Sections [2] and [3] below, we provide an overview 
of the entire proof of Theorem 11.31 spanning the whole sequence. 

1.1. (4 -b l)-dimensional Maxwell-Klein-Gordon system. Let be the (4-1-1)- 

dimensional Minkowski space with the metric 

:= diag (-1, +1, -bl, -bl, -bl) 

in the standard rectilinear coordinates {t = x^, - ■ ■ , Consider the trivial complex line 

bundle L = x C over with structure group U(l) = {e*^ G C}. Global sections 
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of L may be identified with C-valued functions on Using the identihcation n(l) = iM. 

and taking the trivial connection d as a reference, any connection D on L takes the form 

D = d + 


for some real-valued 1-form A on The Maxwell-Klein-Gordon system is a Lagrangian 

held theory for a pair {A, 0) of a connection on L and a section of L with the action functional 

5[kl, (j)]= [ + ^D^^D^dida;, 

7 r 1+4 4 Z 

where F^^, = {dA)^i, = d^A^, — d^A^ is the curvature 2-form associated to D. We follow 
the usual convention of raising/lowering indices by the Minkowski metric m, and also of 
summing over repeated upper and lower indices. Computing the Euler-Lagrange equations, 
we arrive at the Maxwell-Klein-Gordon equations (MKG) 

\ □/!■#> =0, ' 

where ;= is the (gauge) covariant d’Alembertian. 

A basic feature of flMKCp is gauge invariance. Geometrically, a gauge transform is a 
change of basis in the hber C over each point on by an element of the gauge group 
U(l). Accordingly, we refer to a real-valued function y : —)• M (hence G U(l)) as a 

gauge transformation and dehne the corresponding gauge transform of a pair (A, 0) as 

(A,0) ^ (1,0) := (A - dx,e®^0). (1.1) 


Observe that D and Da are covariant under gauge transforms (i.e., e®^D0 = D0 etc), 
whereas F and Im(0D^0) are invariant. Hence fIMKGp is invariant under gauge transforms. 
Since U(l) is an abelian group, (IMKGp is said to be an abelian gauge theory. 

We now formulate the initial value problem for fIMKGp . in a way that is consistent with 
the gauge invariance of the system. An initial data set for (IMKGp consists of a pair of 
1-forms (oj, Cj) and a pair of C-valued functions (/, g) on We say that (a, e, /, g) is the 
initial data for a solution (A, 0) at time K if 


( Aj , Fqj , 0, D^0) \{t=to} (®jr Kj y f 1 g) ■ 

We usually take the initial time to to be zero. Observe that the n = 0 component of (IMKGD 
imposes a constraint on any initial data for flMKGD . namely 

d^ei = lm{fg) (1.2) 


This equation is called the Gauss (or constraint) equation. 

There is a conserved energy for (IMKGp . which is one of the basic ingredients of the non- 
perturbative analysis performed in this paper. We dehne the conserved energy of a solution 
(A, 0) at time t to be 

S{t}xu4A4>]-=7; [ |D/.0pda:. (1.3) 

J{t}xR'^ 0<m<i^< 4 0<At<4 
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For a suitably regular solution to fIMKGj) defined on a connected interval I, this quantity is 
constant. This conservation law is in fact a consequence of Nother’s principle (i.e., continu¬ 
ous symmetry of the field theory corresponds to a conserved quantity) applied to the time 
translation symmetry of (IMKGp : we refer to Section O for further discussion and a proof. 

Observe that the conserved energy is invariant under the scaling 

(A, 0)(f,a;) (A“^y4, for any A > 0, 

which also preserves the system (IMKGp . Hence fIMKGp on is energy critical. 


1.2. Statement of the main theorem. Our goal now is to give a precise statement of 
the global well-posedness/scattering theorem proved in this paper. For this purpose, we first 
borrow some definitions from [HI |2^ . 

We say that a fIMKGp initial data set (a, e, /, g) (i.e., a solution to the Gauss equation) is 
classical and write {a,e,f,g) G 7^°° if each of a,e,f,g belongs to := Gorre- 

spondingly, we say that a smooth solution (H, 0) to fIMKGp on J x (where J C R is an 
interval) is a classical solution if A^,(j) G H^). 

Define the space of finite energy initial data sets to be the space of fIMKGD 

initial data sets for which the following norm is finite: 

ll(a,e,/,^)||^i := sup \\{aj,ej)\\Hi j^ 2 ^ + \\if,g)\\Hi 1 ^ 2 (1.4) 
Given a pair {A, 0) on / x R^, we define its Cth}{I x R^) norm as 
ll("4, 0)||ctWi(/xR4) :=esssup 

where A\t] and 0[f] are shorthands for [A,dtA){t) and (0, 9t0)(f), respectively. We then 
define the notion of an admissible Ct'h} solution to fIMKGp via approximation by classical 
solutions as follows. 

Definition 1.1 (Admissible solutions to fIMKGD b Let / C R be an interval. We say 
that a pair (A, fi) G Cth}{I x R^) is an admissible Ct'h}{I x R^) solution to fIMKGD if there 
exists a sequence {A^A^fpO^ of classical solutions to fIMKGp on J x R'^ such that 

II (A, 0) — (A^"^\ 0*^"^^)||cj^i(jx]r4) —)■ 0 asn ^ 00 , 

for every compact subinterval J O I. 

The necessity of restricting the class of energy solutions under consideration to the ad¬ 
missible ones as defined above is a relatively standard matter in the realm of low regularity 
solutions for nonlinear dispersive equations. Often uniqueness statements require additional 
regularity properties for solutions, which are then proved to hold for the solutions which are 
limits of smooth solutions, but might not be true or straightforward in general. In our case 
the difficulties are compounded by the need to have a good notion of finite energy solution 
which is gauge invariant. 

Remark 1.2. The above definitions can be localized to an open subset O C R^ or O C R^+^ 
in an obvious manner; see pTl Sections 3 and 5]. 
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(1.5) 


Next, we recall the global Coulomb gauge condition 

d^A,= 9iAe = 0. 

1=1,...,4 

The role of this condition is to hx the ambiguity arising from the gauge invariance of fIMKGp , 
which is an immediate formal obstruction for well-posedness. 

Finally, given an interval / C M, we borrow the space-time norms Y^{I xR'^) and S^{IxW^) 
from [m [211 [25]. We dehne the norm of a solution (A, 0) on / x R"^ to be 

11(^5 0)l|s[/] := ||^o||yi(/xR4) + ||^3 ;||s1(/xR4) -1- ||0||51(/xR4)- 

In particular, the norm captures the dispersive properties of A^ and 0. The precise 
dehnition of the norm is rather intricate; instead of the full dehnition, in this paper we 
only rely on a few basic properties of the spaces and S^, such as those below (see also 
Remark OD. 

~ I|</5||s1(/xR 4), ~ ||V^||yi(/xR4)- 

We are now ready to state our main theorem. 

Theorem 1.3 (Main Theorem). Let {a,e,f,g) G be a finite energy initial data set for 
fIMKGp obeying the global Coulomb gauge condition d^ai = 0. Then there exists a unigue 
admissible CtTi^ solution {A, 0) to the initial value problem defined on the whole which 
satisfies the global Coulomb gauge condition d^A^ = 0. Moreover, the norm of (A, 0) is 
finite, i.e., 

||^o||yi(Ri+4) + ||^x||si(Ri+4) + ||0|lsi(Ri+4) < CXD. (1.6) 

Remark 1.4. The a-priori bound above implies scattering towards both t —)■ icxo; see The¬ 
orem 14.81 It also implies continuity of the data to solution map on compact time intervals, 
though not on the full real line. 

Remark 1.5. We do not lose any generality by restricting to initial data sets in the global 
Coulomb gauge, since any hnite energy initial data set can be gauge transformed to obey 
the condition = 0. See [2H Section 3]. 

Remark 1.6. We note that an independent proof of global well-posedness and scattering 
of MKG-CG has been recently announced by Krieger-Liihrman, following a version of the 
Bahouri-Gerard nonlinear prohle decomposition [1] and Kenig-Merle concentration compact¬ 
ness/rigidity scheme [Slin] developed by Krieger-Schlag [IB] for the energy critical wave maps. 

1.3. A brief history and broader context. A natural point of view is to place the 
present papers and results within the larger context of nonlinear wave equations, of which 
the starting point is the semilinear wave equation Dm = ±|m0m. More accurately, the (MKG) 
equation belongs to the class of geometric wave equations, which includes wave maps (WM), 
Yang-Mills (YM), Einstein equations, as well as many other coupled models. Two common 
features of all these problems are that they admit a Lagrangian formulation, and have some 
natural gauge invariance properties. Following are some of the key developments that led to 
the present work. 

1. The null condition. A crucial early observation in the study of both long range and low 
regularity solutions to geometric wave equations was that the nonlinearities appearing in the 
equations have a favorable algebraic structure, which was called null condition, and which 
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can be roughly described as a cancellation condition in the interaction of parallel waves. In 
the low regularity setting, this was hrst explored in work of Klainernian and Machedon |10j . 
and by many others later on. 

2. The spaces. A second advance was the introduction of the spaced, also hrst 
used by Klainerman and Machedon [T3] in the context of the wave equation. Their role was 
to provide enough structure in order to be able to take advantage of the null condition in 
bilinear and multilinear estimates. Earlier methods, based on energy bounds, followed by 
the more robust Strichartz estimates, had proved inadequate to the task. 

3. The null frame spaces. To study nonlinear problems at critical regularity one needs 
to work in a scale invariant setting. However, it was soon realized that the homogeneous 
X^’^ spaces are not even well dehned, not to mention suitable for this. The remedy, hrst 
introduced in work of the second author [35] in the context of wave maps, was to produce 
a better description of the hne structure of waves, combining frequency and modulation 
localizations with adapted frames in the physical space. This led to the null frame spaces, 
which played a key role in subsequent developments for wave maps. We remark that another 
scale invariant alternative to spaces are the and spaces, also originally developed 
by the second author; while these played a role in the study of other nonlinear dispersive 
problems at critical regularity, they play no role in the present story. 

4 . Renormalization. A remarkable feature of all semilinear geometric wave equations is 
that while at high regularity (and locally in time) the nonlinearity is perturbative, this is no 
longer the case at critical regularity. Precisely, isolating the non-perturbative component of 
the nonlinearity, one can see that this is of paradifferential type; in other words, the high 
frequency waves evolve on a variable low frequency background. To address this difficulty, 
the idea of Tao [32], also in the wave map context, was to renormalize the paradifferential 
problem, i.e., to hnd a suitable approximate conjugation to the corresponding constant 
coefficient problem. 

5. Induction of energy. The ideas discussed so far seem to suffice for small data critical 
problems. Attacking the large data problem generates yet another range of difficulties. One 
hrst step in this direction is Bourgain’s induction of energy idea [2], which is a convenient 
mechanism to transfer information to higher and higher energies. We remark that an alter¬ 
nate venue here, which sometimes yields more efficient proofs, is the Kenig-Merle idea [9] 
of constructing minimal blow-up solutions. However, the implementation of this method in 
problems which require renormalization seems to cause considerable trouble. For a further 
discussion on this issue, we refer to [IB], where this method was carried out in the case of 
energy critical wave maps into the hyperbolic plane. 

6. Energy dispersion. One fundamental goal in the study of large data problems is to 
establish a quantitative dichotomy between dispersion and concentration. The notion of 
energy dispersion, introduced in joint work [301 El] of the second author and Sterbenz in the 
wave map context, provides a convenient measure for pointwise concentration. Precisely, at 
each energy there is an energy dispersion threshold below which dispersion wins. We remark 
that, when it can be applied, the Kenig-Merle method [B] yields more accurate information; 

^The concept, and also the notation, is due to Bourgain, in the context of KdV and NLS type problems. 
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for instance, see [16]. However, the energy dispersion idea, which is what we follow in the 
present series of papers, is ranch easier to implement in conjnnction with renormalization. 

7. The frequency gap. One obstacle in the transition from small to large data in renor- 
malizable problems is that the low freqnency backgronnd may well correspond to a large 
solntion. Is this fatal to the renormalized solntion? The answer to that, also originating in 
[3011^ . is that there may be a second hidden sonrce of smallness, namely a large frequency 
gap between the high freqnency wave and the low freqnency backgronnd it evolves on. 

8 . Morawetz estimates. The ontcome of the ideas above is a dichotomy between dispersion 
and scattering on one hand, and very specihc concentration patterns, e.g., solitons, self¬ 
similar solntions on the other hand. The Morawetz estimates, hrst appearing in this role 
in the work of Grillakis [H], are a convenient and relatively simple tool to eliminate snch 
concentration scenarios. 

We now recall some earlier developments on geometric wave eqnations related to the 
present paper. We start onr discnssion with the (MKG) problem above the scaling critical 
regnlarity. In the two and three dimensional cases, which are energy snbcritical, global 
regnlarity of snfhciently regnlar solntions was shown in the early works pil HI |S] . The latter 
two in fact handled the more general Yang-Mills-Higgs system. In dimension d = 3, this 
resnlt was greatly improved by m, which established global well-posedness for any hnite 
energy data. In this work, the qnadratic nnll strnctnre of (MKG) in the Gonlomb gange 
was nncovered and nsed for the hrst time. Snbseqnent developments were made by [3] and 
more recently [20], where an essentially optimal local well-posedness resnlt was established. 
An important observation in [20] is that flMKGp in Gonlomb gange exhibits a secondary 
mnltilinear cancellation featnre. The related paper [7] is concerned with global well-posedness 
of the same problem at low regnlarity. We also mention the work [2S], in which hnite energy 
global well-posedness was established in the Lorenz gange. In the higher dimensional case 
d > 4, an essentially optimal local well-posedness resnlt for a model problem closely related 
to (MKG) was obtained in [15]. This was followed by farther rehnements in [27] |29]. 

The progress for the closely related Yang-Mills system (YM) in the snbcritical regnlarity 
has largely paralleled that of (MKG), at least for small data. Indeed, (YM) exhibits a 
nnll strnctnre in the Gonlomb gange which is very similar to (MKG). In particniar, the 
aforementioned work [T5] is also relevant for the small data problem for (YM) in the Gonlomb 
gange at an essentially optimal regnlarity. 

However, a new difhcnlty arises in the large data@ problem for (YM): Namely, the gange 
transformation law is nonlinear dne to the non-abelian gange gronp. In particniar, gange 
transformations into the Gonlomb gange obey a nonlinear elliptic eqnation, for which no 
snitable large data regnlarity theory is available. Note, in comparison, that snch gange 
transformations obey a linear Poisson eqnation in the case of (MKG). In [12], where hnite 
energy global well-posedness of the 3-1-1 dimensional (YM) problem was proved, this issne 
was handled by localizing in space-time via the hnite speed of propagation to gain smallness, 
and then working in local Gonlomb ganges. An alternative, more robnst approach withont 
space-time localizations to the same problem has been pnt forth by the hrst anthor in [221123] , 

^More precisely, a suitable scaling critical norm of the connection A (e.g., ||A|| j;,d) or the curvature F (e.g., 

||F|| d) is large. 

Li 
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inspired by [3l]. The idea is to use an associated geometric flow, namely the Yang-Mills heat 
flow, to select a global-in-space Coulomb-like gauge for data of any size. 

Before turning to the (MKG) and (YM) problems at critical regularity, we briefly recall 
some recent developments on the wave map equation (WM), where many of the methods we 
implement here have their roots. We confine our discussion to the energy critical problem 
in 2 -|- 1 dimensions, which is both the most difficult and the most relevant to our present 
paper. For the small data problem, global well-posedness was established in [32], [32], [SB] . 
More recently, the threshold theorem for large data wave maps, which asserts that global 
well-posedness and scattering hold below the ground state energy, was proved in [SO] |3I] 
in general, and independently in [16] and [33] for specific targets (namely the hyperbolic 
space). See also [19] for a sharp refinement in the case of a two-dimensional target, taking 
into account an additional topological invariant (namely, the degree of the wave map). Our 
present strategy was strongly influenced by [3D1EI], which can be seen as the first predecessor 
of this work. 

Despite the many similarities, there is a key structural difference between (WM) on the one 
hand and (MKG), (YM) on the other, whose understanding is crucial for making progress 
on the latter two problems. Roughly speaking, all three equations can be written in a form 
where the main ‘dynamic variables’, which we denote by 0, obey a possibly nonlinear gauge 
covariant wave equation 0^0 = • • •, and the associated curvature F[A] is determined by 0. 
In the case of (WM), this dependence is simply algebraic, whereas for (MKG) and (YM) the 
curvature F[A] obeys a wave equation with a nonlinearity depending on 0. This difference 
manifests in the renormalization procedure for each equation: For (WM) it suffices to use a 
physical space gauge transformation, whereas for (MKG) and (YM) it is necessary to use a 
microlocal (more precisely, pseudo-differential) gauge transformation that exploits the fact 
that A solves a wave equation in a suitable gauge. 

The first (MKG) renormalization argument appeared in [26], in which global regularity 
of (MKG) for small critical Sobolev data was established in dimensions d > 6. This work 
was followed by a similar high dimensional result for (YM) in [T7]. Finally, the small data 
result in the energy critical dimension 4-1-1 was obtained in [18], which may be viewed as 
the second direct predecessor to the present work. In particular we borrow a good deal of 
notations, ideas and estimates from |18j . 

We end our introduction with a few remarks on the energy critical (YM) problem in 4 -|- 1 
dimensions, which is a natural next step after the present work. The issue of non-abelian 
gauge group for the large data problem has already been discussed. Another important 
difference between (MKG) and (YM) in 4 -|- 1 dimensions is that the latter problem admits 
instantons, which are nontrivial static solutions with finite energy. Therefore, in analogy 
with (WM), it is reasonable to put forth the threshold conjecture for the energy critical 
(YM) problem, namely that global well-posedness and scattering hold below the energy of 
the first instanton. Finally, (YM) is more ‘strongly coupled’ as a system compared to (MKG), 
in the sense that the connection A itself obeys a covariant wave equation. This feature seems 
to necessitate a more involved renormalization procedure compared to (MKG). 
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ics in Bonn; the authors thank the institute for hospitality. S.-J. Oh is a Miller Research 
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2. Overview of the proof I: Summary of the first two papers 


The basic strategy for proving Theorem 11.31 is by contradiction, following the scheme 
successfully developed in [301 El] in the setting of energy critical wave maps. In the hrst two 
papers of the sequence [211 [2S] we establish successively stronger continuation and scattering 
criteria, whose contrapositives provide precise information about the nature of a hnite time 
blow-up (i.e., failure of global well-posedness) or non-scattering. In the present paper, we 
use this information, as well as conservation laws and Morawetz-type monotonicity formulae 
for fIMKGp . to perform a blow-up analysis and show that the failure of Theorem 11.31 implies 
the existence of a nontrivial hnite energy stationary or self-similar solution to flMKG|) . Since 
such a solution does not exist (see Section [7] below). Theorem 11.31 must hold. 

In this section we review the main results and ideas of the earlier two papers in the 
sequence [211121] • In Section [3] we summarize the argument given in the present paper. To 
steer away from unnecessary technical details we only consider smooth data and solutions; 
however we remark that the results also apply to merely hnite energy data and admissible 
CtM} solutions. For the notation, we refer to Section IH 


2.1. Local well-posedness in the global Coulomb gauge and non-concentration of 
energy. The main result of the hrst paper [21] of the sequence is local well-posedness of 
(IMKGp in the global Goulomb gauge with a lower bound on the lifespan in terms of the 
energy concentration scale 


r^ = rc{E)[a,e,f,g] := sup{r > 0 : Vx G M^, SB,(x)[a,e, f, g] < 6o{E,el)}, 

where Br{x) denotes the open ball of radius r with center x, 6o{E, el) = c^el min{l, 
and c is an absolute constant (see Theorem 14. ip . A simplihed version is as follows: 


Theorem 2.1. Given any E > 0 let 6o{E,el) > 0 be as above. Let {a,e,f,g) be a smooth 
finite energy initial data for (IMKG|) satisfying the global Coulomb gauge condition djOj = 
0. Then there exists a unigue smooth solution (A, 0) to flMKGp in the global Coulomb gauge 
on [— rc, Tc] X 


Theorem 12.11 implies that hnite time blow-up is always accompanied by concentration 
of energy (i.e., —?• 0 at the end of the maximal lifepan). For a precise statement, see 

Theorem 14.31 In what follows we explain the ideas involved in the proof of local existence, 
which lies at the heart of Theorem 12.11 

d-t-2 

Strategy of proof in model cases. For many other semi-linear equations, such as Dm = ±^^-2 
or the wave map equation, a result analogous to Theorem 12.11 is a rather immediate con¬ 
sequence of small energy global well-posedness and hnite speed of propagation. Roughly 
speaking, the proof (of local existence) proceeds in the following three steps: 

Step A. One truncates the initial data locally in space to achieve small energy. 

Step B. By the small energy global well-posedness, the truncated data give rise to global 
solutions. Restricting these global solutions to the domain of dependence of the 
truncated regions, one obtains a family of local-in-spacetime solutions that agree 
with each other on the intersection of their domains by hnite speed of propagation. 

























Step C. One patches together these solutions to obtain a local-in-time solution to the orig¬ 
inal initial data. 

In particular, the lifespan of the solution constructed by this scheme depends on the size of 
spatial truncation in Step A, which in turn is dictated by the energy concentration scale Tc 
of the initial data. 


Non-locality of flMKOp in the global Coulomb gauge. When carrying out the above strategy 
in our setting, however, we face difficulties arising from non-local features of flMKGp in the 
global Coulomb gauge. One source of non-locality is the Gauss (or the constraint) equation 

d^Ci = lm{fg), (2.1) 

which must be satished by every fIMKGp initial data set. Another source is the presence 
of the elliptic equation for Aq in the global Coulomb gauge (cf. fl2.4p ): in particular, hnite 
speed of propagation fails in the global Coulomb gauge. 

In the remainder of this subsection, we give an overview of the techniques developed in 
p4] for overcoming these issues, and explain how these can be used to essentially execute 
Steps A-C above to obtain Theorem 12.II from the small energy global well-posedness theorem 
proved in [TB] (see Theorem 14.ip . 


Execution of Step A: Initial data excision and gluing. Consider the problem of truncating a 
flMKCp initial data seljl {a,e,f,g) to a ball B. A naive way to proceed would be to apply 
a smooth cutoff to each of a, e, /, g. However, integrating the Gauss equation fl2.ip by parts 
over balls of large radius, we see that Cj must in general be nontrivial on the boundary 
spheres outside B, even if / and g are supported in B. 

Instead, the idea of initial data excision and gluin^is as follows: Rather than just excising 
the unwanted part, we glue it to another initial data set (i.e., solution to the Gauss equation) 
which has an explicit description, so that the Gauss equation is still satished. For example, 
in the exterior of a ball B we may glue to the data 

q 




Xn 


27r^ 


x\ 


■, 0 , 0 , 0 ) 


with an appropriate q. Note that e(q) is precisely the electric held of an electric monopole of 
charge q placed at the origin. 

Using this idea we may truncate (a, e, /, g) to balls to make the energy sufficiently small. 
The minimum size of these balls, which later dictates the lifespan of the solution, can be 
chosen to be proportional to the energy concentration scale. This procedure is our analogue 
of Step A. 


Execution of Step B: Geometric uniqueness of admissible solution to fIMKGp . Though hnite 
speed of propagation fails for fIMKGp in certain gauges such as the global Coulomb gauge, 
it is still true up to gauge transformations. We refer to this statement as local geometric 
uniqueness for fIMKGD . and use it as a substitute for the usual hnite speed of propagation 
property. 


^In application a obeys the global Coulomb gauge condition = 0, but this fact is irrelevant for the 
discussion here. 

^We remark that similar techniques have been developed in mathematical general relativity, as a means 
to construct a large class of interesting initial data sets for the Einstein equations. Our setting involves a 
simpler constraint equation, but we require sharp techniques which are applicable at the critical regularity. 
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Applying a suitable gauge transformation to each truncated initial data set to impose 
the global Coulomb gauge condition, we are in position to apply the small energy global 
well-posedness theorem (Theorem 14.11) and construct a family of global smooth solutions. 
Restricting these solutions to the domain of dependence of the truncated regions and ap¬ 
pealing to local geometric uniqueness, we obtain local-in-spacetime Coulomb solutions (i.e., 
obey = 0 on the domains) which are gauge equivalent to each other on the interaction 
of their domains. We refer to such solutions as compatible pair^, geometrically, these are 
precisely local descriptions of a globally dehned pair of a connection and a section on local 
trivializations of the bundle L. 


Execution of Step C: Patching local Coulomb solutions. The hnal task is to patch together 
the local-in-spacetime descriptions of a solution (i.e., compatible pairs) to produce a global- 
in-space solution (A, 0) in the global Coulomb gauge. We hrst adapt a patching argument of 
Uhlenbeck [37] to produce a single global-in-space solution (A',0') obeying an appropriate 
norm bound. The fact that a gauge transformation y between Coulomb gauges obeys 
the Laplace equation Ay, and hence possesses improved regularity, is important for this 
step. The solution (A', 0') obtained by this patching process is not necessarily in the global 
Coulomb gauge; it is however approximately Coulomb (i.e., obeys an improved bound), 
since it arose from patching together local Coulomb solutions. It is thus possible to hnd a 
nicely behaved gauge transformation into the exact global Coulomb gauge, leading us to the 
desired local-in-time solution. 


2.2. Continuation of energy dispersed solutions. We now describe the content of [25] . 
The main theorem of [25] is a continuation/scattering criterion in the global Coulomb gauge 
for a large energy solution (A, 0) to flMKCp in terms of its energy dispersion ED[(j)]{I), 
dehned as 

ED[(j)]{I) = sup (^2 -|-2 '^^\\dtPk4>\\Lf^^{ixR*)) (2-2) 

for any time interval / C M. A simple version is as follows: 


Theorem 2.2. Civen any E > 0, there exist positive numbers e = e{E) > 0 and F = F{E) 
such that the following holds. Let (A, (f) be a smooth solution to flMKCp in the global Coulomb 
gauge (MKC-CC) on / x with energy < E. If ED[(()]{I) < e{E), then the following a- 
priori norm bound holds: 


ll^ollyip] + IIAxllsq/] + ll^llsq/] < F{E). 
Moreover, (A, 0) extends as a smooth solution past finite endpoints of I. 


(2.3) 


Theorem 12.21 is analogous to the main result in [30] for energy critical wave maps. Thanks 
to the a priori bound fl2.3p . the solution (A, 0) scatters towards each inhnite endpoint in the 
sense of Remark 11.41 For a more precise formulation, see Theorems 14.71 and 14.81 

We now describe the main ideas of the proof of Theorem 12.21 In what follows, we only 
consider solutions to flMKCp in the global Coulomb gauge. 


^See also Section [6.3l of the present paper, where this notion arises naturally from local limits of a sequence 
of solutions. 
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Decomposition of the nonlinearity. We begin by describing the structure of the Maxwell- 
Klein-Gordon system in the global Coulomb gauge (MKG-CG), which take the form 

{ AAq =\m.{(l)dt4>) + (cubic terms) 

□Aj ='PjIm(09j;0) + (cubic terms) (2.4) 

□0 = — 2 iA^d^(f) + (cubic terms) 

where V is the Leray L^-projection to the space of divergence-free vector helds. We omitted 
cubic terms as they are strictly easier to handle. The elliptic equation for Aq allows us to 
obtain the appropriate bound once we establish bounds for A^ and 0; henceforth we 
focus on the wave equations for A^ and (f. 

As in the case of small energy global well-posedness |T8] , the null structure of flMKGjl in the 
global Coulomb gauge plays an essential role in the proof of Theorem l2.2[ All quadratic terms 
in the wave equations exhibit null structure, i.e., cancellation in the angle between inputs 
in Fourier space. There is also a secondary multilinear null structure in the term 2iA^d^<f 
which arises by plugging in the equations for Ao,Aj. All of this structure is necessary for 
controlling the norm of (A, 0), but it is by no means sufficient as we discuss below. 

Renormalization for large energy. Even in the case of small energy global well-posedness 
[IS], the null structure alone is not enough to bound the norm of (A, 0) due to the 
paradifferential term in the 0-equation 

-J22^P<kA^"" ■ d.Pkf)- 

k 

Here A^f^^ is the free wave evolution of Aj[0] := {Aj,dtAj) |'{t=o}- As in [2S1IIB], we handle 
this term by a renormalization argument. More precisely, we treat the problematic term as 
a part of the linear operator and construct a paradifferential parametrix. The construction 
in [26l [18], however, relied on smallness of the energy, which we lack in our setting. Instead 
we consider the linear operator with a freguency gap m 

:=nij + J2 ‘2tP<k-mA^r ■ d.Pkf’, 

k 

and gain smallness by taking m sufficiently large. This idea is akin to the gauge renormal¬ 
ization procedure for wave maps in [30] , where a large frequency gap was used to control the 
large paradifferential term. 

Role of energy dispersion. We now describe the role of small energy dispersion ED[(j)]. 
Roughly speaking, small energy dispersion allows us to gain in transversal balanced fre¬ 
quency interactions. This complements the gain in parallel interactions, due to the null 
condition, and the gain in the high x high —)• low interactions due to the favorable frequency 
balance. For instance, by interpolation with (non-sharp) Strichartz norms controlled by the 
norm, we hav<0 

®Note that (12.51) is symmetric in 0 and 0, so we may choose to use the energy dispersion norm of either. 
Note also that all nonlinearity of (|MKG|) involve at least one factor of 0. This is why it suffices to assume 
smallness of just ED[(j)] and not A. 
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which is useful when ki = k + 0(1), k 2 = k + 0(1) and 0, V’ are at a large angle so that the 
output modulation is high. 

To see how this gain is useful, we return to the full nonlinear system fIMKGj) in the 
global Coulomb gauge. Upon decomposing the inputs and output into Littlewood-Paley 
pieces, most of the nonlinearity exhibits an off-diagonal exponential decay in frequency. For 
example, the nonlinearity in the Aj,-equation obeys 


Introducing again a large frequency gap m, we gain smallness except when ki = k + 0^(1) 
and ^2 = k + Furthermore, thanks to the null structure, we also gain extra smallness 

except for angled interaction; then we are precisely in position to use ED[(j)]. In conclusion, 
we gain smallness from ED[(j)] < e for the nonlinearity in the ^^.-equation. 


Linear well-posedness o/□ a' 0 = /■ Unfortunately the a-priori estimate fl2.3p does not close 
yet, as there exists a nonlinear term in the (/)-equation with no off-diagonal exponential decay. 
This part is precisely the low x high —)■ high frequency and high x low —)■ low modulation 
interactior0 in the term —2iA ■ dx((>, i.e., 

-2" E E PkQ<j{PkiQjA ■ d^Pk^Q<j(t)). (2.6) 

ki<k j<ki 
k2=k-\-0{l) 

Nevertheless, this term has the redeeming feature that it can be bounded by a divisible 
norm: Given any £ > 0 the interval I can be split into smaller pieces Ik on each of which the 
N norm of the above expression is bounded by < £^||Pfc20||si[/], where the number of such 
intervals is 0\\m\ ,e(l). For a solution (^4,0) to fIMKGp . this observation leads to linear 

well-posedness of the magnetic wave equatioijj Oai/j = / with bound 

ll^llsip] W'^MWhIxLI + ll/||iV[/], (2-7) 

where '(/'[O] := i dt'il^) |'{t=o}- The bound (12.7p allows us to setup an induction on energy 
scheme to establish fl2.3l) . which we now turn to explain. 


Induction on energy. The starting point of our induction is the small energy global well- 
posedness theorem [TS], which implies that fl2.3p holds with P{E) = Cy/E when the energy 
E is sufficiently small. Our goal is to show the existence of a non-increasing positive function 
Co(-) on the whole interval [0, oo) such that if the conclusion of Theorem 12.21 holds for energy 
up to P, then it also holds for energy up to P -|- co(P). Monotonicity of co(-) implies that 
it has a uniform positive lower bound on every finite interval; thus the continuous induction 
works for all energy. 

In what follows, we describe the construction of Co(P), P := P(P -|- Co(P)) and e := 
e(P -|- Co(P)) under the induction hypothesis that Theorem 12.21 holds up to energy P for 
some P(P) and e(P). For the scheme to work, it is crucial to let Co(P) depend only on P 
and not on P(P) or e(P). On the other hand, P and e may depend on P(P) and e(P). 

'^We note that this term is where the secondary multilinear cancellation structure of MKG-CG is needed. 

®More precisely, the observation regarding (iTel) . combined with the paradifferential parametrix construc¬ 
tion mentioned above, implies well-posedness of the equation ip := Oip P^k-mA^d^Pkip = f 

for sufficiently large m with bound (IT71) . The terms in also turn out to be bounded by divisible 

norms, which leads to the well-posedness of OaiP = /■ 
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Let (A, 0) be a solution on / x with energy E + cq{E) and ED[(j)] < e. To prove fl2.3J) 
for [A, 0), we compare it with another solution [A, 0) with frequency truncated initial datau 

(i,-[O],0[O]) = (P<fc*/l,-[O],P<fc*0[O]) 

where the ‘cut frequency’ fc* G M is chosen so that [A, 0) has energy E. By taking Co(P) 
and e sufficiently small, we aim for the following two goals: 

Goal A. The energy dispersion PP[0](/) is sufficiently small so that the induction hypoth¬ 
esis applies to (^,0). Hence 

ll^ollyip] + MxIUq/] + ll^llsq/] < (2-8) 

Goal B. The difference ;= 0 — 0) obeys 

+ 11 11 51 [7] + 11lisp/] < Ce,f{e)- (2.9) 

Adding fl2.8p and fl2.9p . the desired bound fl2.3p would follow with P := E{E) + Ce,f{e)- 
Goal A is accomplished by showing that if e is sufficiently small, then (A, 0) is arbitrarily 
close (i.e., within e^) to the frequency truncated solution (P<fc*A, P<fc*0) which has small 
energy dispersion. For Goal B, the idea is to view ^ perturbation around 

(A, 0). To ensure that ^(P) is independent of E{E), we rely on two observations: First, 
by the weak divisibilityi^ of the norm, the interval / can be split into Oi?(E)(l) many 
subintervals Ik on each of which we have 

ll^o||yi[4] + Mxllsq/fc] + Il'^IUq/fc] ^E 1- (2.10) 

Second, by conservation of energy for (A, 0) and (A, 0), as well as the approximation (A, 0) 
(P<A;«A, P<A;*0), it follows that the x norm of the data for 0^*9^) can be 

reinitialized to be of size < co(P) on each Ik. 

With these two observations in hand, we claim that ^high'^ obeys the following 

norm bound on each 1^: 

+ IIBPIUm/.I + <E Co ( E ) + Op ( e ‘). (2.11) 

Indeed, in the equation for nonlinear terms in Pe handled 

by taking co(P) -Ct; 1 and e <Ci;’ 1. Furthermore, exploiting small energy dispersion, all linear 
terms can be made appropriately small except —2zA^0^0^*^^. Nevertheless, the norm of 
(A, 0) on I can be assumed to be <e 1 by (12.101) and a bootstrap assumptioi£il; hence we 
can group this term with □ and use (12.7p (linear well-posedness of ^^igh'^ 

(12.lip . Goal B now follows by summing up this bound on Oi?(E)(l) intervals. 

®In the global Coulomb gauge, Aa;[0] = {Ax,dtAA{G) 0[O] = (0;dt0)(O) determine the whole initial 
data set (a, e, f,g), as we can solve for Aq in the constraint equation — AAg = Im(09t0) — |0pAo. 

^'^This terminology should be compared with full divisibility, which means that / can be split into a 
controlled number of subintervals, on each of which the restricted norm is arbitrarily small. Weak divisibility 
of the norm is a quick consequence of the energy inequality ||0||si[/] < ||0[O]|| h^xl^ 11^011 v[7] (l^ill) 
divisibility of the N norm. 

^^More precisely, in proving (12.111) we may assume, using a continuous induction in time, that the same 
bound holds with a worse constant. Combined with (|2.10p this bound is sufficient for ensuring that the 
norm of (A, 0) is 1. 
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3. Overview of the proof II: Content of the present paper 


This section is a continuation of the previous section. Section [3T] provides an overview of 
the argument in the present paper, while Section 13.21 contains an outline of the structure of 
the remainder of the paper. 

3.1. Blow-up analysis. Here we give an overview of the hnal blow-up analysis of flMKGjl . 
which is carried out in the present paper. This part is analogous to [31] for energy critical 
wave maps. We refer to Section 0] for the notation used below. 


Main ingredients. In addition to the continuation/scattering criteria established in 
(see Theorems 12. II and 12.21) . our blow-up analysis of flMKCp relies on the following three key 
ingredients: 

- {Monotonicity formula for flMKGD l Besides the conservation of energy, we use the fol¬ 
lowing monotonicity (or Morawetz) formula for (IMKG|) . Let p := -s/t"^ — \x\^ and 

Xo := ^(f9t + x-dx) 

be the normalized scaling vector field. To avoid the degeneracy of p on dC = {t = |x|}, 
we also define the translates 


Pe ■= \/{t + - \x\ 

Given a smooth solution (H, 0) to fIMKGI) on the truncated cone satisfying 


Xe := —{{t + e)dt + X ■ d^). 
Pe 


where 
have 


[tQ.tll 


< E, <e‘2E, QsAA] 

:= Sst^ - £sto is the energy flux through dCit^^tp and Gst ■= j fs, we 


/ PT[A,(j)\(\.X+ 

I Si 

dx + E. 


-kwFp + -| 


Pe 


Pe 


H- )(j)fdtdx 

Pe 


(3.1) 


< 


Here is a non-negative weighted energy density; we refer to Lemma 15.101 for 

an explicit formula for 0]. We remark that the entire right-hand side of fl3.ip 

is bounded by < E. Finiteness of the space-time integral term ‘breaks the scaling’ and 
implies that iXe^ and (Dx^ + y)A decay near the tip of the cone C. 

- {Strong local compactness result) Given a sequence of solutions whose energy 

is uniformly small and lxE^^'> —)■ 0 and (D^ i -|- b)(j)^A —i. 0 in on a space-time cube 
for some smooth time-like vector held X and smooth function b, we show that there 
exists a subsequence which converges strongly in (essentially) in a smaller subcube; 
see Proposition 16.11 for more details. The proof relies on the initial data excision/gluing 
technique and the small energy global well-posedness theorem. 

- {Triviality of finite energy stationary/self-similar solutions) We say that {A, A) is a sta¬ 
tionary solution to fIMKGp if for some constant time-like vector held Y 

LyE = 0, Dy0 = 0, 
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and that {A, 0) is a self-similar solution if 

= 0, (Dxo + -)0 = 0. 

Using the method of stress tensor, we show that every smooth stationary or self-similar 
solution with hnite energy is trivial (i.e., F = 0 and 0 = 0); see Propositions 17.11 and 
17.21 We also establish a regularity result (Proposition 17.dh . which says that all stationary 
and self-similar solutions arising from the above strong local compactness result (Propo¬ 
sition I6.ip are smooth. 

With these in mind, we now sketch the blow-up analysis of flMKGp . which is performed 
in full detail in Section [HI 

Finite time blow-up/non-scattering scenarios and initial reduction. Suppose that the con¬ 
clusion of Theorem 11.31 fails for a smooth hnite energy data (a, e, /, g) in the forward time 
direction. Then the corresponding smooth solution either blows up in hnite time, or does 
not scatter as t —>■ cx). The hrst step of the blow-up analysis is to construct in both scenarios 
a sequence of global Coulomb solutions 0^"')) on [sn-, 1] x (where Sn —)■ 0) obeying 

the following properties: 

- {Bounded energy in the cone) < E for every t G 1] 

- {Small energy outside the cone) 0^"^] <C E for every t G [Sn, 1] 

- {Decaying flux on dC) -1- Q < £nE^ 

- {Pointwise concentration at t = 1) There exist kn ^ 7^ and G such that 

2-'="|C2-fc„*0(")(l,x„)| + 2-2^"|C2-^„*Dl"V^"Hl,^n)| >e (3.2) 

for some e = e{E) > 0. 

Here C is a smooth function supported in the unit ball Hi(0) and C 2 -'={x) •= 2^’‘({2^x). In 
view of the next step, we require ( to be non-negative. See Lemma [8.41 for details. 

Key to this construction are Theorems 12.11 and 12.21 which provide detailed information 
about hnite time blow-up or non-scattering scenarios. In particular, the tip of the cone C is 
the point of energy concentration (which exists by Theorem 12.ip in the hnite time blow-up 
case. {Pointwise concentration at t = 1) follows from the failure of the energy dispersion 
bound in Theorem 12.21 {Decaying flux on dC) is a consequence of the local conservation of 
energy and localized Hardy’s inequality; see Lemmaand Corollary 15.31 {Smallness of the 
energy outside the cone) is achieved using the initial data excision/gluing technique in the 
hnite time blow-up case; in the non-scattering case, this property is trivial to establish. 

Elimination of the null concentration scenario. Thanks to the above properties, we may 
apply the monotonicity formula fl3.ip to each solution in the sequence 0^”'^). Using 

the weighted energy term (i.e., the hrst term on the left-hand side) in fl3.ip . we show in 
Lemma [8.71 that the null concentration scenario (i.e., |a;„| —)■ 1 and kn —)■ cxo) is impossible. 
Unlike in the case of wave maps [HT], however, the weighted energy involves the covariant 
derivatives = 5^0^"'^ + iA ^/'^and the term involving could be problematic. 

We avoid this issue by hrst working with the gauge invariant amplitude 10*-"'^ |, for which we 
have the diamagnetic ineguality 
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in the sense of distributions, for any smooth vector held X. We then transfer the bound to 
using the inequality 

|(2-fc * < C 2 -* * 

which holds if ( is chosen to be non-negative. 


Nontrivial energy in a time-like region. The absence of the null concentration scenario implies 
the following uniform lower bound for 0^”'^ away from the boundary at f = 1: There exist 
El = Ei{E) > 0 and 71 = 71 (i?) € (0,1) such that 



(3.3) 


See Lemma 18.91 Using a localized version of the monotonicity formula fl3.ip . this lower 
bound can be propagated towards t = 0. More precisely, there exist E 2 = E 2 {E) and 
72 = 12 {E) G (0,1) and E 2 = E 2 {E) > 0 such that 


j — 1 ' 2 )* 


(^o)p^[yl(n)^ 0U)] dx > E 2 for all t 


[enNn] 


(3.4) 


Final rescaling. Thanks to the space-time integral term in fl3.ip . obeys 

+ —|(Dg + —)<^W|2dMa; < E. 

Per. " Per. 

which implies an integrated decay of and (D near the tip of the cone 

C. Applying the pigeonhole principle and rescaling, we obtain a new sequence of solutions 
which is asymptotically self-similar. More precisely, there exist a sequence of solutions on 
[1,T„] X (where T„ — )■ cxd) to fIMKGp . which we still denote by obeying the 

following properties (see Lemma [8.Ill) : 

- {Bounded energy in the cone) < p for every t E [1,TJ, 

- {Small energy outside the cone) £^p}xR4\St -C E for every t E [1,T„], 

- {Nontrivial energy in a time-like region) For every t E [1,T„] we have 




(^o)p^[ylW^0W]dx > U 2 , 


(3.5) 


- {Asymptotic self-similarity) For every compact subset K of the interior of ^[i^oo); we have 



+ I(D 


(n) 

^0 


-I- dtdx -E 0 

P 


as n —)■ cx). 


(3.6) 


Extraction of concentration scales and compactness/rigidity argument. Let (A*^"'\0^”)) be a 
sequence obtained by the hnal rescaling argument. Using a combinatorial argument, we 
show in Lemma 18.121 that one of the following two scenarios holds: 

A. Either we can identify a sequence of points and decreasing scales at which energy 
concentrates, or 

B. There is a uniform non-concentration of energy. 
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In Scenario A we obtain a fixed number r > 0 and a sequence of times tn ^ to, points 
Xn —)■ xq and scales —)■ 0 such that 

sup 

xeBr{Xn) 


is uniformly small but nontrivial, and 


1 ptn~\~‘^T‘n p 

Jtn—2rn JBr{Xn) 


as n —)■ cxD. 


where Y = Xo(to;^o)- Applying Proposition 16.11 we obtain as a limit a nontrivial finite en¬ 
ergy solution to flMKGp which is stationary with respect to Y. As discussed above, however, 
such solutions do not exist. _ 

In Scenario B we can cover each truncated cone Cj := C^l‘l‘ 200 ) {2-^ < ^ < 2-^+^} with 
spatial balls of radius r = r(j), on each of which the energy of jg uniformly small 

and 



+ |(Dg + l)0W|2dMa; ^ 0 


as n —)■ 00 . 


Hence we are again in position to apply Proposition 16.11 and extract a finite energy self¬ 
similar solution to flMKGp on Gj^y^oo)- self-similarity, this limit easily extends to the 
whole forward cone C. By fl3.5p this limit is necessarily nontrivial, which contradicts the 
triviality of finite energy self-similar solutions. 

In conclusion, we have seen that neither of the two scenarios can hold, which is a contra¬ 
diction. This completes the proof of the main theorem. 


3.2. Structure of the present paper. The remainder of the paper is structured as follows. 

Section We provide the setup for our arguments to follow. In particular, we precisely 
state the results that we need from the other papers of the series [2ll [25] in Section 14.51 

Section\^ We state and prove all the conservation laws and monotonicity formulae that are 
used in this paper. 

Section O We use the small energy global well-posedness theorem (Theorem 14.11) and the 
technique of initial data excision/gluing to prove a strong local compactness statement 
(Proposition 16.ip that we rely on in our blow-up analysis. We also formulate a notion 
of weak solutions to fIMKGp and their local descriptions (weak compatible pairs), which 
naturally arise as limits from Proposition 16.11 


Section^ We show that there does not exist any nontrivial stationary or self-similar solu¬ 
tions to fIMKGD with finite energy. We also prove regularity theorems for weak stationary 
or self-similar solutions to fIMKGp considered in Section [6l 


Section O We finally carry out the blow-up analysis as outlined in Section 13.11 thereby 
completing the proof of global well-posedness and scattering of (IMKGp . 
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4. Preliminaries 


4.1. Notation for constants and asymptotics. Throughout the paper we use C for a 
general positive constant, which may vary from line to line. For a constant C that depends 
on, say, E, we write C = C{E). We write A < B when there exists a constant C > 0 such 
that A < CB. When the implicit constant should be regarded as small, we write A B. 
The dependence of the constant is specihed by a subscript, e.g., A <e B. We write A ^ B 
when both A < B and B < A hold. 

4.2. Coordinate systems on Several different coordinate systems on will be 

used in this paper. A basic choice, which has already been mentioned in the introduction, 
is the rectilinear coordinates ... ,x‘^) on in which the Minkowski metric takes 

the diagonal form m = —(da:°)^ + (dx^)^ + • • • + (dx^)^. Alternatively, we will often write 
t = x° and X = (x^, ..., x^) as well. We reserve the greek indices fi , u ,.. . for expressions in 
the rectilinear coordinates, and the latin indices j, k,i,... expressions only in terms of the 
spatial coordinates x^, x^, x^, x"^. 

We also introduce the polar coordinates (t,r, 0) on R^+"^, where 



© 

-1 


|x| 


and the null coordinates (m,u, 0), defined by 

u = t — r, V = t + r. 

We can furthermore specify a spherical coordinate system for 0, but it will not be necessary. 
We also define the null vector fields L, L as 

L = dt + dr = 2dy, L = dt — dr = 2du. 

In these coordinates, the metric takes the form 


m = —dt^ + dr^ + r‘^g§3 = —dudu + r‘^{u, v)g§3. 

where g§3 is the standard metric on in the coordinates 0. 

Finally, we will also use the hyperbolic polar coordinates (in short, hyperbolic coordinates) 
{p,y, 0) on the future light cone C(o,oo) = {(t, r, 0) : 0 < r < t} (see below), where 

p = \/B — r^, y = tanh“^ (r/t). 

The Minkowski metric takes the form 

m = —dp^ + p^(di/^ + sinh^pp§3). 

Every constant p hypersurface Bp is isometric to the simply connected space of constant 
sectional curvature — in particular, "Hi is the hyperboloidal model for the hyperbolic 
4-space Using the coordinates (p, 0), the metric on can be written as 

= dp^ -Fsinh^ppss. 
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4.3. Geometric notation. To ease the transition from one coordinate system to another, 
we shall use the tensor formalism. We will denote by V the Levi-Civita connection on 
to distinguish from coordinate vector helds (9^. The gauge covariant connection associated 
to A for C-valued tensors takes the form D = V + iA. Similarly, we shall denote the Levi- 
Civita connection on by Vh 4, and the gauge covariant connection by D]a4 = Vh 4 -f- iA. 
We use the bold latin indices a, b, ... for expressions in a general coordinate system. We 
also employ the usual convention of raising and lowering indices using the Minkowski metric 
m, and summing up repeated upper and lower indices. 

We now introduce some notation for geometric subsets of and The forward light 
cone 

C := {(t,x) : 0 < t < cxD, |a;| < t} 

will play a central role in this paper. For to ^ M. and / C M, we dehne 

Cj ■.={{t,x) : t G /, |a;| < t}, dCj :={(t, x) :tGl,\x\= t}, 

Sto :={{t,x) :t = to, \x\ < t}, dSt^ :={{t,x) : t = to, \x\ = t}. 

For (5 G M, we dehne the translated cones 

:={(t, x) : max{0, 6} < t < oo, \x\ < t — 5}. 

The corresponding objects Cf, dCf, Sf^ and dSf^ are dehned in the obvious manner. 

We also dehne Br{x) to be the ball of radius r centered at a; in R^. 


4.4. Frequency projections and function spaces. Let m<o be a smooth cutoh that 
equals 1 on {r < 1} and 0 on {r > 2}. For /c G Z, we dehne 

m<k{r) := m<o(r/2^), mk{r) := m<k{r) - m<k-i{r). 

so that suppm C {2^“^ < r < 2^+^} and ~ introduce the Littlewood-Paley 

projections Pk, Qj and Sg, which are used in this paper: 

Pkip =p-^[mkm)PM, 

Q-cp _ |^||)jr[(^]]^ 

where P [resp. is the [resp. the inverse] space-time Fourier transform. 

Given a normed space X of function on we dehne the restriction space X(0) on a 

measurable subset O C R^+^ by the norm 

||9^||x(o) := inf ||^|U(ri+4). 

ip=ip Oil o 

In application, the set O is often an open set with (piecewise) smooth boundary, and hence 
there exists a bounded linear extension operator from X{0) to X(R^’''^) for many standard 
function spaces X (e.g., X = H^). 
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4.5. Results from previous papers. Here we give precise statements of results from [18] 
and the first two papers in the sequence [241125] . which are used in the present paper. Given 
a measurable subset S C {t} x for some t, we dehne the energy of a pair (H, 0) on S by 

ss[A,(j)]:= f ^ 

S c\^ .. ^..^A _ r\ 


0</i<12<4 fl=0 

Accordingly, for a measurable subset S' C we dehne 

4 


Ss[a,eJ,g]:= f ^ Y l(da)ifcr + ^ ^ |e/+ ^ ^ ID^/I^ + dx. 
^ i<i<fc<4 ^ i=i ^ i=i 


i<i<fc<4 

The following is the main theorem of 


Theorem 4.1 (Small energy global well-posedness in global Coulomb gauge). There exists 
e* > 0 such that the following holds. Let (a, e, /, g) he a V} initial data set on satisfying 
the global Coulomb gauge condition = 0, whose energy does not exceeding el, i.e., 

SM.i[a,e,f,g\<el. (4.1) 

(1) Then there exists a unique CCH} admissible solution (A, 0) to fIMKGD on satis¬ 

fying the global Coulomb gauge condition d^Ai = 0 with (a, e, /, g) as its initial data 
at t 0, i.e., (Aj, Foj , ef, D^0) ({f=o} (®j) G) ■ 

(2) Moreover, {A,(j)) obeys the norm bound 

||^o||yi(Ri+4) + ||A3;||5i(Ri+4) + ||0||5i(Ri+4) < ||(a,e,/, 5 f)||^i. (4.2) 

(3) If the initial data set (a,e,f,g) is more regular, then so is the solution (A, 0); in 
particular, if {a,e, f, g) is classical, then {A,(f)) is a classical solution to flMKG|l . 

(4) Finally, given a sequence fC)^ gO'^ ^ 'H^(R^) of Coulomb initial data sets 

such that £[aA\eA\ fC\ gC)'^ < el and (^a,e,f,g) m'H^(R^), 

we have 

||Aq ^ — Ao||yi(/xR4) + \\A^ff^ — Aa,||5i(/xR4) + 110^"'^ — 0 || 51 (/xR 4 ) —^ 0 (4.3) 

as n ^ oo, for every compact interval / C R. 


Remark 4.2. For the purpose of the present paper, the precise structure of the norms and 
are not necessary. Instead, we rely on the following embedding properties: 


\\dt,x<f\\L^Ll + r2/7-2 

\\dt,xA\\L^Ll + \\9t,xA\\ 1 <||A||yl, 


where all norms are taken on Furthermore, and are closed under multiplication 

by p e Go°°(R^+^), i.e., C and gY\R^+^) C Fi(Ri+4); we refer to [24] 

Sections 6 and 7]. 


Given a positive number > e* and a initial data set (a, e, /, g) on R^ with energy 
£[a,e,f,g] < E, we dehne its energy concentration scale r^ = rc[a,e, f, g] (with respect to 
energy E), in terms of the function 6Q{E,el) = ce^ min{l, with a small universal 

constant c, by 

rc = r^{E)[a,e, f,g] := sup{r > 0 : Va: G R^ [a, e,/, ^f] < 5o{E,el)}. 
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The following is the main result of [23]. 

Theorem 4.3 (Large energy local well-posedness theorem in global Coulomb gauge). Let 
(a, e, /, g) he an V} initial data set satisfying the global Coulomb gauge condition d^ai = 0 
with energy S[a,e,f,g] < E. Let = rc[a, e,/, he defined as above. Then the following 
statements hold: 

(1) (Existence and uniqueness) There exists a unique admissible CtV} solution {A,(j)) to 

(1MKG|) on [—rc, rf\ x satisfying the global Coulomb gauge condition with (a, e, /, g) 

as its initial data. 

(2) (A-priori regularity) We have the additional regularity properties 

Aq eY^[-rc,rc], A^,(j) & S^[-rc,rf\. 

(3) (Persistence of regularity) If the initial data set {a,e,f,g) is more regular, then so 
is the solution (A, 0); in particular, the solution {A,(j)) is classical if {a,e,f,g) is 
classical. 

(4) (Continuous dependence) Consider a sequence {aA\ fC)^ gO'^ of Vf Coulomb 

initial data sets such that fC) ^ (^a,e,f,g) in V} Then the lifespan 

of eventually contains [—rc,rc\, and we have 

11^0 — + \\{Ax — A(fi\(j) — 0^"'^)||sl[-rc,rc] 0 aS H ^ OO. 

We also state the initial data excition/gluing theorem from [23], which is used in several 
places in the present paper. Given a measurable subset O C the norm is defined 

as the restriction of the norm to O, and the space 'h}{0) consists of all initial data 

sets on O with finite 'h}{0) norm. 

Theorem 4.4 (Excision and gluing of initial data sets). Let B = C Then there 

exists an operator from 'h}{2B \ B) to \ B) satisfying the following properties. 

(1) Extension property: 

3 _ 

e, /, g] = (a, e, /, g) on the annulus -B \ B. 

(2) Uniform bounds: 

\\E /) 5']||'H1(K4\;b) ~ fy9)\\n^{2B\B) (4-5) 

/,£/]] < 11^- :f\\l2(^2B\B)+^2B\B[ayCfy9]- (4-6) 

\X ^0 ^ 

(3) Regularity: The operator E’^^^ is continuous from'h}{2B\B) to'h}{^^\B). Moreover, 

if (a, e, /, g) is classical, then so is e, /, g]. 

In order to gain control of the first norm on the right in (14.6p . we will repeatedly use the 
following improvement of the classical Hardy inequality, which is a consequence of a result 
proved in [23], Lemma 6.5: 

Lemma 4.5. Let a >2. Then for any ball B of radius r in we have the bounds 

r ^||/|lLi(2B) < ||Dx/||l 2((^B) + Cr ^||Da;/||L2(]R4\yB) (4-7) 

^ ~ + cr ^||Da;/||^2(]R4\yB) (4.8) 
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Furthermore, we state the local geometric uniqueness result from [2l], which we use in 
this paper to construct compatible pairs. For a ball B = {to } X Brf^{xo) C {to} X we 
dehne its future domain of dependence V^{B) to be the set 

'D~^{B) := {(t, x) G ■ h < t < tq, \x — Xo\ < t — to}. 

Given a measurable subset O C R^, the space consists of locally integrable gauge 

transformations such that the following semi-norm is hnite: 

llxl|g2(o) := \\dxX\\Li(o) + 

Given a measurable subset O C R^+^, dehne Ot := On ({t} x R^) and I{0) := {t G R : O* 7 ^ 
0}. Note that I{0) is measurable and Ot is measurable for almost every t. Accordingly, we 
dehne the space CtG^{0) by the semi-norm 

WxWctG^iO) ■= ess^sup (llxWHinwf^nBMOio,) + W^iXllm^nLUOt) + W^hWL^Ot)) ■ 

Proposition 4.6 (Local geometric uniqueness among admissible solutions). Let Tq > 0 and 
let i? C R^ 6e an open ball. Consider CtV} admissible solutions (A, 0), (A',0') on the region 

V := P+({0} xB)n ([0,To) X R^). 

Suppose that the respective initial data {a,e,f,g) and {a',e', f',g') are gauge eguivalent on 
B, i.e., there exists x ^ such that {a,e,f,g) = {a' — dx,e',e^^f',e^^g'). Then there 

exists a unigue gauge transformation CtQ^(V) such that x ({o}xs= X 

(A, 0) = (A' - dy, on V. 

We now pass to results from [25] . Given an interval J C R, we dehne the energy dispersion 
of a function cj) on / X R^ by 

ED[(I)]{I) := sup (2 ^\\Pk(l)\\L'^^{ixRp + 2 , (4.9) 

The main theorem of [25] is as follows. 

Theorem 4.7 (Energy dispersed regularity theorem). For each E > 0 there exist positive 
numbers e = e{E) and E = E{E) such that the following holds. Let I O M. be an open 
interval; and let (A, 0) be an admissible CtTC solution to fIMKGp on / x R^ in the global 
Coulomb gauge d^Ae = 0 with energy not exceeding E, i.e., 

^^p}xR4[A, 0] < E for every t e L (4.10) 

If, furthermore, the energy dispersion of (f on / x R^ is less than or egual to e{E), i.e., 

ED[0](/)<e(E), (4.11) 

then the following a-priori estimate for (A, (p) on I x R*^ holds: 

IIAollyip] + ||Aa,||s'i[/] -F ||0|lsi[/] < FiF)- (4A2) 

We also state an continuation and scattering result for Goulomb solutions with hnite 
norm, which is proved in [2^ . 
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Theorem 4.8 (Continuation and scattering of solutions with finite norm). Let 0 < T+ < 
oo and an admissible Cth} solution to fIMKGD on [0,T+) x in the global Coulomb 

gauge which obeys the bound 


||^o||yi([0,7+)xR4) + sup ||v4j||s'1([0,t+)xR4) + ||0||si([O,T+)xR4) < cxo. 


Then the following statements hold. 

(1) If < oo, then extends to an admissible CtH^ solution with finite norm 

past T+. 

(2) If = oo, then {Ax,(j)) scatters as t ^ oo in the following sense: There exist a 

solution {A^\ to the system 


.(oo) 

j 

(□ + 


□a; 



with initial data [0], [0] G H], x such that 

sup \\ Aj [ t ] - + Uf ] - ^0 asT ^ oo . 

Here A^^^ can be either the homogeneous wave with = A^f)] or Alj^^ = 

Analogous statements hold in the past time direction as well. 


5. Conservation laws and monotonicity formulae 

In this section, we derive key conservation laws and monotonicity formulae that will serve 
as a basis for proving regularity and scattering. We begin by describing the main results, 
deferring their proofs until later in the section. We emphasize that all statements in this 
section apply to admissible CtHf solutions to flMKCp . unless otherwise stated. 

One of the fundamental conservation laws for fIMKGD is that of the standard energy: Given 
an admissible CtHf solution (A, 0) to fIMKGp on / x R*^, for tQ,ti G / we have 

^pofxR^i^d, 0] = £^Pj}xR4[A, 0]. (5.1) 

For self-similar solutions, hnite energy condition translates to a weighted If estimate on Tip. 
This estimate will be used to show that they must in fact be trivial. 

Proposition 5.1. Let {A,(j)) be a smooth solution to (IMKGp on 0(0,00) with finite energy, 
i.e., there exists E > 0 such that 

ess sup £st[A,(f] < E < oo. 

te(0,oo) 

Suppose furthermore that {A,(j)) is self-similar, i.e., lxqF = 0 and (D^o + ^)<t> = 0, where 
^0 = dp in the hyperbolic coordinates {p,y,Q). Then we have 

/ h^l'#-r + 2^Re(.^D;^)+cosh»(|D.^|),^+|F|)<j)<£, (5.2) 

'hip • r 

where \D(f>\\i^^, \E\\^^ are to be defined in fl5.27p . 


23 
















(5.3) 


The next statement concerns the quantities 

["4,0] := [^, 0] - ^Sto [^, 0], GdSt^ [0] ■= — [ |0r- 

JdSt^ 

Here, is the energy flux of (A, 0) through dC[to,ti]- For 0 G and ti G /, 

observe that QdSt^[<P\ is well-defined by the trace theorem. In fact, 0 

Lemma 5.2. Let (H, 0) he an admissible CtV} solution to fIMKGp on / x where / C 
is an open interval. Then for every t^fli G I with to < ti, the following statements hold: 

(1) The energy flux on i^ 0] is non-negative and additive, i.e., 

[^, 0] = [A, 0] + [^, 0] for t' G [to, h] . (5.4) 

(2) The following local Hardy’s inequality holds on dC[tQ^ti]' 

dt 

SdSto + / ^9St [0] — < Gasti H] [A 0]. (5.5) 

Jto ^ 

Moreover, we also have 

Gast., [0] < ^^({t}xR4)\5ti [A 0] (5.6) 

A consequence of Lemma 15.21 is a simple but crucial decay result for the two quantities 
dehned in (15.3p . 

Corollary 5.3. Let (A, 0) be an admissible CtW solution to fIMKGp on JxM^ where / C 
is an open interval. Then the following statements hold. 

(1) If { 0 , 6 ] C J for some 5 > 0, then we have 

hm J’oqo.t,] [41, 0] = 0, hm Gqs,^ [0] = 0. (5.7) 

where [41, 0] := limt^^o [4l, 0]. 

(2) If [h, oo) C / for some 5 > 0, then we have 

lim [A,0] = 0, lim GdSt^[4>] = 0- (5.8) 

The statements concerning J^ac^t^ follow from the monotonicity and boundedness of £st^ 
whereas those concerning GaSt.^ follow from (I5.5p . (15.6p : we omit the straightforward details. 

The decay statements fl5.7p and fl5.8l) imply that the energy flux and the quantity Gast [0] 
vanish as one approaches (0, 0) or t —)■ oo. In the ideal case when J^acit^ = 0 and Gas^ = 0, 
the solution {A, 0) enjoys an additional monotonicity formula, namely 

[ (^°)PT[A0]dx+ // -\ixW\" + h'Dxo + hG\"dtdx= [ (^°)Pr[4l,0]da; (5.9) 

JSti O'ltQ.tp P P P •' 

where Xq = dp in the hyperbolic coordinate system {p,y,Q), := m{LxoF, i-XqF) 

(observe that > 0) and (^°lPr[A,0] is to be defined below in Lemma 15.101 It turns 

out that the right-hand side is uniformly bounded by the conserved energy as to 0, thereby 
breaking the scaling invariance. More precisely, the first term on the left-hand side precludes 
null concentration of energy, whereas the second term implies that rescalings of {A, 0) are 
asymptotically self-similar. 
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In application, however, the quantities T and Q will be small but not necessarily zero. 
Hence we will rely on the following approximate version of fl5.9p instead. Define 

pe = \/(t + ef - r2, Xe = + e)dt + rdr), VxeF? ■= ^x^F)- 

Proposition 5.4. Let {A, 0) be an admissible Cth} solution to fIMKGD on [e, 1] x where 
e G (0,1). Suppose furthermore that {A,(f)) satisfies 

£sAA(I^]<E, Gasi[A]<£^E. (5.10) 

Then 

f Pj,[A, (j)] dx + [[ —\Lx,FA + —\(Dx, + —)4>\‘^dtdx<E (5.11) 

JSi J J 

where the implicit constant is independent ofe^E. We refer to Lemma \5. 1 (A for the compu- 
tation of fi]. 

Using Proposition 15.41 we can also establish a version of fl5.9p that is localized away from 
the boundary of the cone. This statement will be useful for propagating lower bounds in a 
time-like region towards (0,0). 

Proposition 5.5. Let (H, 0) be an admissible Cthfi solution to flMKGD on [e:, 1] x where 
e G (0,1). Suppose furthermore that (H, 0) satisfies (15.101) . Then for 2e < 6o < 6i < to < 1, 
we have 

[ ™PT[4l,0]cia;< [ ^^oWT[A,fi]dx + c({6rtoy^ + \\ogi6,/6o)\-^)E. (5.12) 

Jsfi JsA ^ ^ 

The rest of this section is devoted to the proofs of the above statements, and is organized 
as follows. In Section 15.1[ we discuss ways of generating divergence identities for proving 
the above conservation laws and monotonicity formulae. We also introduce null decompo¬ 
sition, which will assist our computations below. In Section 15.21 we use to prove (15.ip and 
Proposition 15.11 In Section 1531 we introduce and prove a local version of Hardy’s inequality 
and use it establish Lemma 15.21 Lastly, Section 15.41 is devoted to the proof of (15.9p and 
Propositions 15.4115.51 

5.1. Divergence identities and null decomposition. The goal of this subsection is two¬ 
fold. First, we introduce methods for generating useful divergence identities for solutions 
to (IMKGp that essentially arise from Nother’s principle. Second, we dehne the notion of a 
null frame and the associated null decomposition of E and D0, which will be useful for the 
computations below. 

We hrst present the energy-momentum tensor formalism for generating divergence iden¬ 
tities. This formalism is a way to exploit Nother’s principle (continuous symmetries lead to 
conserved quantities in a Lagrangian held theory) for external symmetries, i.e., symmetries 
of the base manifold of (IMKGD . Let (H, 0) be a smooth solution to (IMKGp on an open 
subset O C We dehne the energy-momentum tensor associated to {A, 0) as 

Q.blA, <f\ = 4,] 
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(5.13) 
































where 


(5.14) 

0] =Re(D,0D^;0) - imabD^0D;0 (5.15) 

Note that Q is a symmetric 2-tensor, which is gauge invariant at each point. Moreover, 

since (R,0) is a smooth solution to fIMKGp . the energy-momentum tensor satishes 

V"Qab[4l,0] = O. (5.16) 

Given a vector held X on O, we dehne its deformation tensor to be the Lie derivative of 
the metric with respect to X, i.e., := Cx't^- Using covariant derivatives, also takes 

the form 

^^^TTab = VaXb -|- VaXb 

We will denote the metric dual of by i.e., From its 

Lie derivative dehnition, the following formula for in coordinates can be immediately 

derived: 

= ^(m^j,) -F a^(X")m„^ -F a^(X“)mc,/, (5.17) 

Using the deformation tensor, we now dehne the associated 1- and 0-currents of {A, 0) as 

Then by fl5.16p and the symmetry of Q[R, 0]ab5 we obtain 

V(mja[A^I) = '^>A'|A'#>]. 

Remark 5.6. Taking X = T = dt in the rectilinear coordinates (t, x^,..., x^), we have 
UItt = 0 (in other words, T is a Killing vector held) and hence = q. In fact, flb.lOp is 
a local form of the standard conservation of energy flS.ip . We refer to Section for more 
details. 

For a (smooth) scalar held 0 satisfying the gauge covariant wave equation □a 0 = 0, 
we introduce another way of generating divergence identities. This method corresponds to 
using Nother’s principle for the symmetry of the equation under the action of C viewed as 
the complexihcation of the gauge group U(l). Given a C-valued function w on an open 
subset of we dehne its associated 1- and 0-currents by 

0] =(Retc)Re(0Da0) — (Imr(;)Im(0Da0)-Va(Rew)|0p, 

2 ^520) 

(^)X[7l,0] =(Reu;)Da0D‘^0- -□(Reu;)|0|2-Va(Imu;)Im(0D‘^0). 

A simple computatioiiEl shows that the following conservation law holds: 

V"(("')Ja[A,0]) = (“')X[A,0]. (5.21) 

^^Alternatively, the identity below can be derived by multiplying the covariant wave equation for f by 
w(t>, taking the real part and differentiating by parts. 
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(5.18) 

(5.19) 















Remark 5.7. Taking w = —i, we have 

(-)ja = Im(0D;0), (“')ir = 0, 

and fl5.2ip reduces to the well-known local conservation of charge. 

Finally, we introduce the notion of a null frame and the associated null decomposition of 
D0 and F, which are useful for computations concerning the energy-momentum tensor. At 
each point p = (to, 2 : 0 ) G consider orthonormal vectors {en}a=i ,...,3 which are orthogonal 

to L and L. Observe that each e^ is tangent to the sphere dBt^ ro ■= {^ 0 } x ^-Sro(O) where 
f'o = l^^ol- The set of vectors {L, L, ei, 62 , 63 } at p is called a null frame at p associated to 
L,L. 

The C-valued 1-form D0 can be decomposed with respect to the null frame {L, L, Ca} as 
and|3n0 := De„0, which is the null decomposition of D0. A simple computation 

shows that 

= |Di0|^ 0](L,L) = (5.22) 

where |^30|2 := Ea=i ,...,3 

Next, we define the null decomposition of the 2-form F with respect to {L,L, Cn} as 
aa:= F{L,ea), a^-=F{L,ea), g:=^F{L,F), aab := F(e„, Cf,). 

Note that p is a function, aa,a(, are 1-forms on dBt^ ro aab is a 2-form on dBt^ ro- We 
dehne their pointwise absolute values as 

FI := 2^ l«l := 2^ kl — 2^ (^ab- 

a=l,...,3 o=l,...,3 l<a<b<3 

This decomposition leads to the following simple formulae for the L,L components of 

W)Q[A](L,L) = lap, (^)Q[A](L,L) = |ap, ^^^Q[A]{L,L) = |pp+ |ap. (5.23) 


5.2. The standard energy identity and proof of Proposition 15.IL Consider the vec¬ 
tor held T, which is equal to the coordinate vector held dt in the rectilinear coordinates 

(f, ... ,x"^). It can be easily checked that T is Killing, i.e., TIti- = g. Contracting T with 

the energy-momentum tensor Q[A,(j)], we then obtain the local conservation of energy., i.e., 
given a smooth solution (A, 0) to flMKCp on an open subset O C we have 

V^(T)j^[A,0]) = 0 onO. (5.24) 

Since T = i(L -|- L), we have 

=S|4■#>](!’, L) = + p|ap + |£>p+ kP), (5.26) 

<’■> 41 ^ 1 ,k] =S|Ak](r,L) = |p.^n + p|ar + |£>P+ kl")- ( 5 . 26 ) 

Given a (measurable) subset S C {t} x for some f G M, the above computation implies 


£s[A, 0] = / ^^kr[A, (j)] dx. 

Js 


We are now ready to give a quick proof of (15.11) . For a classical solution [A, (f) in the class 
Ct'HMffoAi] X fhs standard energy conservation fl5.ll) follows by integrating 05.241) over 
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{to,ti) X and applying the divergence theorem. The case of an admissible solntion then 
easily follows by approximation. 

We conclnde this snbsection with a proof of Proposition 15.11 

Proof of Proposition 15. il Note that Xq = dp and T = coshydp — sinhy{p~^dy) in the hy¬ 
perbolic coordinates {p,y,Q). In the following compntation, we nse the orthonormal frame 
{dp, p~^dy,ea} at each point, where {ea}a=i, 2,3 is an orthonormal frame tangent to the con¬ 
stant p, y sphere as before. Then we compnte 

=i(|D,0p +|p-iD,0|2 +|P0|2) 

^^^^Q[A,4>\{dp,p-^dy) =Re(Dp0p-iD^0), 

^^^Q[AA\{dp,dp) =]^F{dp,p-^dyf+ ^ F{dp,e^f 

^ 0=1,...,3 

+ 2 P ^ F{ea,eiof, 

^ 0 = 1 ,...,3 ^ l<o<b<3 

^^'^Q.[A,(t)\{dp,p-^dy) = ^ F{dp,e^)F{p-^dy,e^). 

a=l,...,3 

By the self-similarity conditions lq^F = F{dp, •) = 0 and (Dp -|- ^)(j) = 0, we have 
^^)jp[v4,0] =coAiyQ[A,(i)\{dp,dp) - sin]iyQ[A,(i)\{p~^dy,dp) 

= ^ + 2^^^Re(0Dj^0) -f- coshi/(|D0|^^ + 

where 

\ml, ■■= (g„;)"'’D,,#.D;:5, |F|y := \(gpX°i9n'f''F^F,i, (5.27) 

and = p~‘^dy ■ dy + X]o=i 2 3 is the indnced metric on Pip. 

We are ready to complete the proof. Denote by PL>p the region {{p',y',Q') : p' > p}. 
Integrate 05.241) over the region ^(o,*) n'R>p, whose bonndary is St U {Pip fl (^(o,*)), and apply 
the divergence theorem. Then taking t —)■ cxo, the desired estimate 05.21) on Pip follows. □ 


5.3. A localized Hardy’s inequality and proof of Lemma 15.21 We begin by stating a 
very general identity (valid for any dimension d > 3), which can be thonght of as Hardy’s 
ineqnality with all the errors terms explicit. 


Lemma 5.8. Let (p be a smooth C-valued function and A be a smooth 1-form on {d > 3). 
Then for 0 < ri < r 2 , we have 


r-r'2 




Mcrgd-i dr d- 


d-2 


f*r2 


I Dr 


Jri 

‘2^d-l 


-dMcr§d-idr 
d — 2 r 


r d(T§d-i dr -|- 


fri 


d-2 


\2^d-2 


r2 

r=ri 


(5.28) 
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We omit the proof, which is a simple algebra plus an application of the fundamental 
theorem of calculus in r. Specializing to d = 4 and rearranging some terms, we obtain 


f?’2 




' {r=r\} ^ 


-r^dcTss + 


— |0| V d(Ts3 dr + 






r Dr (r0) I r'^ duss dr 


'ri 


(5.29) 


' {r=r2} ^ 


-r^d(Ts3 + 


I Dr 




d(T§3 dr. 


The last term on the left-hand side of fl5.29l) is always non-negative; moreover, for (j) G 
the hrst term on the right-hand side vanishes as r 2 —)■ oo. By approximation, the 
following gauge invariant version of Hardy’s inequality on follows. 


Corollary 5. 9. Let 4>,A e Then r G and 0 (as^G LP‘{dBr) for every 

r > 0. Moreover, we have 

II~IIl2(k 4) + sup-||0|||2(a5^) < ||Dr0||^2(R4). (5.30) 

' r>0 ' 


We are ready to establish Lemma 15.21 


Proof of Lemma \5. A We hrst consider the case when {A,(j)) is smooth. Then by local con¬ 
servation of energy, we have 

= l [ ^^^JL[A,(j)ydvdas3 

and hence the non-negativity and additivity are obvious. The hrst local Hardy’s inequality 
ra is a consequence of fl5.29p applied to the hypersurface = {n = 0, r G 

in the coordinate system {u,r, 0), whereas the second local Hardy’s inequality fl5.6p follows 
from a similar argument used to derive Corollary 15.91 

Now we turn to the general case. Since {A, 0) is an admissible Cthd solution, there exists 
a sequence of smooth solutions converging to {A, (f) in Ct'h}{I x M^). Since all quantities in 
the conclusions of the lemma are continuous with respect to the Ct'h}{I x M"^) topology, the 
general case follows from the smooth case by approximation. □ 


5.4. Monotonicity formulae and proofs of Propositions 15.41 15.51 Here we derive 
monotonicity formulae associated with the vector helds Xg, which are dehned in the polar 
coordinates as 

Xe = —{{t + e)dt + rdr), Pe = \/ {t + eY - r^, (5.31) 

Pe 

where e > 0, t > —e. 

The starting point for derivation of the monotonicity formula fl5.9p . as well as Proposi¬ 
tions 15.41 and 15.51 is to contract the energy-momentum tensor Q with one of the vector helds 
Xg. Due to the unfavorable contribution of however, several additional modihcations 

are necessary. To simplify the discussion, we hrst restrict to the case e = 0. The reader 
should keep in mind that the general case follows simply by translating in time by e. 

Using the formula (15.17p . we compute 


1 


CVn'l li 






1 


-1 


1 



























Hence we have 


{Xo)K ^ (KG)^ 1 (Vo)^#)ab 


-kxo^P + -|Dxo0P - -Da^D^^^. 
p p p 


(5.32) 


where \lxoF\'^ = m{LxQF,LxoF) > 0, since Xq is time-like. The hrst term on fl5.32p is 
satisfactory in view of our goal (I5.9p . but the rest is not. To remove the last term, we use 
the currents ("'o) j (w'o)^ with wq = ^ and compute 


(Xo)j^ + =^\cx,F\^ + -iDxo^r - 4l‘^l'- 

p p p^ 


(5.33) 


Now we introduce an auxiliary divergence identity, which is related to Hardy’s inequality 
in the p variable. Dehne in the hyperbolic coordinates (p, ?/, 0) by 

:= (5.34) 

where the remaining components are set to be zero. Dehne also 

:= 4l'#>r + -pM?- (5-35) 

Then a simple computation shows that 

V‘"((^°)Ja[0]) = (5.36) 

Since = 2Re(0Dp0) and Xq = dp, we arrive at 

(^o)x + + ino)j^ ^ -\iXoF\^ + -|(Dxo + (5.37) 

P P P 


which is precisely the integrand in the space-time integral in (15.9p . 

The preceding computation suggests that we should dehne a new 1- and 0-currents by 
Xo) jj^{wo) jj (^o)p^_|_(«)o)p^_|_('Ho)p^^ respectively. To make the L and L components 
of the 1-current look more favorable, however, it turns out to be convenient to add in an 
auxiliary current dehned by 


= Xx-m, = -iL(r=±|.^p), (5,38) 

IX pr — IX pr 

where the remaining components are set to be zero. By equality of mixed partials LL = 
4:dydu = 4:dudy = LL, it follows that 


V"((^°)ja[0]) =0. 


For := + Xo)j _|_ ino)j _|_ (A/b) claim that 

=\{l)hXO^{r4,p + |a|^) + + 

‘""“’Pl ()() 5|r-‘Di(r.^)p + lap) + ^ ())) ’ (l P^P + 
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+kr)> 

IpP + 


(5.39) 


(5.40) 

(5.41) 










We will prove fl5.40p . leaving the task of verifying fl5.4ip to the reader. Using the relations 


1 


u 


p=uv, Xo = -{-L + -L), 

2 p p 

and the null decomposition formulae (I5.22p . (I5.23p . we have 


+ -m?) + + -deP + kit) 

2\p p / 2 \p p / 


On the other hand, we compute 

'«"> Jtkl = kk 

p 2 pv pv 

To prove fl5.40|) . it suffices to verify 

+ (-0) 0] + Ji[0] + Jl[ 0] = ^-|r-iDi(r0)|2 + 1- 

^ P ^ P 


2p r‘ 


(5.42) 


For this purpose, it is convenient to work with -0 = ref). We have 

1 f |„ , , , mO 1 

w 

1 V , 


_ 1 1 1 7 /?!^ 

LHS of (1532]) =Tl|D^(V./r)|^ + -Re(V^Dz.(V’/r)) + - —^ 
’ " pr 2 pv 


t 


=--|r +-(—- + -L{t/p)\ 

2 p 2 \pr^ pr pv r / 


pv 2r^ p 

,|2 


2p' 


2 \pr'^ 


pr pv 


Since r ^L{t/p) = l/(pr) — t/{prv) = l/{pv), we see that 


pr^ 


2 1 1^/5 

-h -L{t p) — —- 

pr pv r pr^ 


u 


pr pr^ 


which establishes fl5.42p . and hence fl5.40l) . 

We now return to the general case £ > 0. Dehne and their 

0 -current counterparts by pulling back the £ = 0 versions dehned above along the map 
(t, r, 0) I—)■ (f-|-£,r, 0). For and note that this dehnition agrees 

with that from Section ISTl using as in fl5.3ip and := 1/Pe- Let 


(j)] :=^^^^K[A, 0] -1- (j)] + 


(5.43) 


We summarize the discussion so far in the following lemma, which follows easily by pulling 
back the above computations along (t, r, 0 ) ha (t -|- e, r, 0). 

Lemma 5.10. Let {A,(f)) be a smooth solution to fIMKGp on an open subset O C G(o,oo)- 
The 1- and 0-currents P[A^ cp] and obeys the divergence identity 


where cp] takes the form 


'-*'>0 = 4|'x,f’|AL|(Dx. + 4 


Pe 


31 


Pe 


Pe 


(5.44) 


(5.45) 





























Here, \lx^F\'^ = m^LXeF, LXgF) > 0. Moreover, the L and L components of = 

ia/je the form 


"(|r'iDi(r0)|2 + |a|2) + ^ 


2\ueJ " ' " ' ' ' 2\v, 


€ 

1 

e \ 2 


IWP + ^ + leP + kl 
m? + % + \Q\^ + \<y\ 


(5.46) 

(5.47) 


where := (t + e) + r and := {t + e) — r. 


Here we give a quick proof of fl5.9p for a smooth solution {A, 0) on By Foc^t^ = 0, 

QdSt^ = 0 and Lemma 15^ note that P = 0 and 0 = 0 on the boundary dC[tQ^ti]- Integrate 
fl5.44p with £ = 0 over and apply the divergence theorem. The boundary term on 

0 C[to,4i] vanishes thanks to P, 0 = 0, and thus 05.91) follows. 

In the preceding proof, however, note from 05.4Up that there is a weight (^)^'^^ in the 
boundary term, which would blow up if Di;,(r0) and a a were not exactly zero on dC[tQ^ti]- 
We now turn to the proof of Proposition 15. 4p whose goal is exactly to deal with this issue. 


Proof of Proposition 5.4' As the hypothesis 05.101) and the conclusion 05.111) only involve 
quantities which are continuous with respect to the CtPL^{I x M^) topology, it suffices to 
consider the case when {A, 0) is smooth. Integrating 05.44p with £ > 0 over and 

integrating by parts, we obtain 


'Si 


Fe)p^\^A, 0] dx + 

= [ 0] dx + 


-|w.a0 + -|(Dx, + -) 

C[e,i] Pe Pe 

1 r 


' dtdx 


'dC, 




(5.48) 


[e.l] 


We claim that the right-hand side is bounded from above by < E. We begin with the first 
term. On S^, we have the pointwise bound 

since (ug, v^) ~ 1 and (n^, u^) ~ 1 on S^- By (Ib.lOp . Lemma [52] and 05.29p applied to 0 on 
with ri = 0, r 2 = e, it follows that the first term on the right-hand side of (I5.48p is bounded 
by < E. 

We now consider the last term in (15.481) . On we have 

Fdp^[A,(j)] < e-^(^|DL0|2 -t- ^|0p + lap) + F)j^[A,(j)], 

Then by fl5.10p . Lemma 1521 and the fact that t = r on dC, the last term in fl5.48l) is bounded 
by < P as desired. □ 


We end this section with a proof of Proposition 15.51 


Proof of Proposition 15. ,51 As before, by approximation, it suffices to consider the case when 
(A, 0) is smooth. Let 6 G [(5o, 5i] be a number to be determined below. Integrating (I5.44p 
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with £ = 0 over and using the divergence theorem, we see that fl5.12l) would follow if 

there exists h G [ho, hi] such that 




(^o^PiiA^jr^'dndasa < f(hi/fo)^ + | log(hi/ho)|-OP 


(5.49) 


The contribution of the term with the weight (mo/'?^o)^'^^ in 115.dhp is easy to treat; indeed, 
using localized Hardy’s inequality and local conservation of energy, we have 

1 /' U \ 2 |^|2 |^| 2 j 


hiy/2 


< 


tn / 


'^^[.0,11 


(j)] dndcrgs + Ss^\sl [^, 4>] + [</>] 


< 

rsj 


hi ^ 1/2 
tc 


E. 


It remains to treat the term with the weight {vq/uoY^'^ in (I5.46p . Note that 


r ^Di(r0) =(Di + -)0 = 2 

r We 

Up \ 2 


Up\2 


(Dx. + -)Y - 

Pe 


Ue 


Dl0 + 


Ue 


Vp/ r 


«„=F(L,e„) = 2(^^j F(X„e„)- (^^jF(4e„). 

Note that u <Ue and v <Ve- Furthermore Ue < 2u on since 2^ < ho- Hence, 


1 /V 




(|r Di(r0)| + |a| )Pdndcr§3 


(5.50) 


< 

r\j 


u 




C5 

(|(Dx, + —)Y? + kv.prt + i’^dnda§3. 

V Pe / ^ 1" 2 


We claim that the integral of the right-hand side over ho < m < hi with respect to u~^du is 
bounded by E. Then by the pigeonhole principle, there would exist h G [ho, hi] such that the 
left-hand side of (I5.5np is bounded by < | log(hi/ho)|“^P, as desired. 

For the contribution of the hrst term, the claim follows directly from Proposition 15.41 For 
the second term, we have 


1 . 

W2 




DL0P+;^|0P+|a|^) dfda; < 




1 

Jt[H, 0 ] dtdx ~ " 


which is sufficient to prove the claim. 


□ 


6. Local strong compactness and weak solutions to fIMKGp 

The first goal of this section is to establish the following local strong compactness result 
for asymptotically stationary (see fl6.2p below) sequences of solutions to fIMKGD with small 
energy. 

Proposition 6.1. There exists a universal constant cq > 0 such that the following holds. 
Let B = Bi{xo) C be an open ball of unit radius centered at Xq, and let {AAfcfiA'j be a 
sequence of admissible CtV} solutions to fIMKGp in (—2, 2) x 8B such that 
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( 6 . 1 ) 
















Suppose furthermore that is asymptotically stationary in the sense that 


^0 as n^oo, 


{- 2 , 2 ) x 2 B 


( 6 . 2 ) 


where X is a smooth time-like vector field and b is a smooth real-valued function. Then there 
exists a pair (A, fi) in 1) x B) such that the following statements hold: 

(1) There exists a sequence of gauge transforms G 1) x B) such that, after 

passing to a subsequence, we have 

{A‘-p strongly in Lj^((-l,l) x B), (6.3) 

(F^,e‘*‘"’D;.”yi”l) ^(F,„, D,4,) strongly m Lj.((-1,1) x B), (6.4) 

where = d^Ay — dyA^j, and + iA^j^cf) are defined in the sense of distri¬ 

butions. 

(2) The limiting pair {A, fi) is a weak solution to fIMKGIl on (—1,1) x B, in the sense of 
Definition ] 6. 61 below. The connection 1-form A obeys, in the sense of distributions, 
the Coulomb gauge condition 

d^Ae = 0 on(-l,l)xB. (6.5) 

fSj The pair (x4, 0) possesses the following additional regularity: 

AeHlfi{-l,l)xB), F,y,eHlfi{-l,l)xB), E x B). (6.6) 

(f) Moreover, the pair {A,(f)) is stationary with respect to X, in the sense that 

ixF = 0, (Dx + fe)0 = 0 on (—1,1) x B. (6.7) 


As a result of taking limits, the notion of weak solutions to fIMKGp arises naturally from 
Proposition 16.11 For our application in Section |8l we also need to formulate the notion of 
locally dehned weak solutions fi[a]) that can be pieced together to form a global pair 
(weak compatible pairs). Developing a theory of these objects is another goal of this section. 


Remark 6.2. We remark that weak solutions and their gauge structure play only an auxil¬ 
iary role in our work. Indeed, the stationarity equation fl6.7p . combined with fIMKGp and 
the additional regularity fl6.6p of (A, 0), allow us to infer smoothness of (A, 0) via elliptic 
regularity. This issue is considered in Section [71 where we study stationary and self-similar 
solutions to fIMKGp . 

Remark 6.3. It is in fact possible to obtain stronger convergence than fl6.3p namely A^”^ — 
A^ and ^ 4> in i7^^^((—1,1) X B). Moreover, the limit A^ obeys the 

additional regularity ((—l,l)xS) for any e: > 0. As these facts are not necessary for 

the proof of our main theorem, we omit their proofs to avoid lengthening the paper. 

The rest of this section is structured as follows. We hrst give a proof of Proposition 16.11 
in Section iGll except the statement that the limit (A, 0) is a weak solution to (IMKGp . In 
Section ESI we formulate a notion of weak solutions to fIMKGp that will be used in our proof. 
Finally, in Section ESI we introduce and discuss the notions of smooth and weak compatible 
pairs, which are local descriptions of smooth and weak solutions to fIMKGp . respectively. 
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6.1. Proof of Proposition [67H Here we prove Proposition 16.11 modulo the assertion that 
the limit (H, 0) is a weak solution to fIMKGD . which would be clear once we dehne the notion 
of a weak solution in Dehnition 16.61 below. 


Proof. The basic idea behind proof is as in [211 Proposition 5.1]: Small energy fl 6 .ip implies 
local uniform bound on (—2, 2) x 2B, which can be combined with asymptotic stationarity 
fl6.2p via a micro local decomposition to conclude strong convergence in (—1,1) x H. In 
implementing this strategy, we need to take into account the presence of the constraint 
equation and the system nature of flMKGp (especially the Maxwell part). Our proof proceeds 
in several steps. 

Step 1. In this step, we use the excision and gluing technique to produce gauge equivalent 
Coulomb solutions on the smaller region (—2, 2) x 2B, which enjoy a uniform bound. 

Let ef’\ Fqj, fp=o} be the data for (H, cf) on {t = 0}. 

Applying Theorem 14.4l to 8i?\45, we obtain an initial data set 6 

such that on 4H and 

by fl4.6p and fl 6 .ip . Choosing cq appropriately, we may ensure that the left-hand side is 
smaller than e^, which is the threshold for Theorem 14.11 

To pass to the global Coulomb gauge, consider the gauge transformation G 
dehned by and let 

(aC),g(n), j(n), -(n)) _ (qC) _ dy^). 


This initial data set agrees with on AB up to a gauge transformation, 

i.e.. 


and furthermore obeys the small energy condition 


( 6 . 8 ) 

(6.9) 


By small energy global well-posedness (Theorem 14.11) . it follows that there exists a unique 
CtM} admissible solution on with initial data which 

obeys 

ll^o”^llxi(Ri+4) + ll^i"^l|5i(IRi+4) + ||0^"^||si(Ri+4) ^ e*. (6.10) 

Moreover, by geometric uniqueness (Proposition 14.61) and the simple fact that 

(-2,2) x2B C T>+({0} X 45) UT>~({0} x 45), 
there exists G C't^^((—2,2) x 25) such that 

(^W, 00 ) = (^O _ d;^ 0 , on (- 2 , 2 ) x 25. 

Let Vo: ■ ■ ■ :V 3 ^ C“(M^+"^) be such that 


gj = 1 on (-1,1) X 5, suppr^j C (-2, 2) x 25, gjVj+i = gj . 
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( 6 . 11 ) 























for j = 0,1, 2, 3 (except for the last property, for which j = 0,1, 2), which will be hxed for 
the rest of the proof. We will also often write rj = t]o and rj = By flh.lOp and Remark 14.21 
the solution satishes 










1 <„. 

' r2rV-!Z 


^0- 


( 6 . 12 ) 

(6.13) 


for any j = 0,1, 2, 3. In particular, in view of fl6.12p and Holder’s inequality, the sequence 
is uniformly bounded in By the Rellich-Kondrachov theorem, there exists 
a subsequence, which we still denote by and a pair (H, 0) G Hl^ such that 


^ {A,(j)) in ^ {A,(j)) in (6.14) 


as n —)■ oo, where the notation ^ refers to weak convergence. 


Step 2. In this preparatory step, we make a microlocal decomposition of rj that will allows 
us to combine fl6.2p with the bound fl6.13p on the sequence; see fib.isp . 

We use the classical pseudo-differential calculus. Let qo{,T,^) G 5° be a smooth cutoff such 
that go = 1 to the region {(t,^) : |r| < (1 — ^)|^|} in Fourier space and suppgo C {(r,^) : 
|r| < (1 — 5/2) 1^1}, where 5 > 0 is to be chosen shortly. On the support of go, the norm on 
the left-hand side of fl6.13p is effective. On the other hand, since X = is a time-like 

vector field, we have \X^(t,x)\‘^ > everywhere. As suppr; is compact, we 

may choose 5 > 0 sufficiently small so that 


4 

|A'»(i,a:)| > (l-i)0^|A''(l,a:)|- 


i=i 


for (t, x) G supp rj. 


With such a choice of 5 > 0, the symbol X^(t,x)T -|- X^(t,x)^£ G is elliptic on the phase 
space support of rj{t,x){l — go)('r, Oi the sense that 

\X^{t,x)T + X\t,x)i(,\ > \X^{t,x)T\ - \X\t,x)ii\ > Cy^,xo(k| |^|) 


for (t, x) G supp rj and (t, ^) G supp (1 — go), where we may take 


C5,rj,X0 


2 


inf |X°| > 0. 

supp 7] 


Using the standard construction of a pseudo-differential elliptic parametrix, we may write 


7^(1 - go) {Dt^A = Wi (t, X, Dt^A + r_i (t, x, Dt^A 

where g_i,r_i G S~^. Rearranging the terms, commuting 'r]{t,x) with go and applying 
multiplication by rji on the right, we arrive at the decomposition 


7j = q_At,x,Dt^Av^^d^ + qorj + r_At,x,Dt^AVi, (6-15) 

where r_i G 5'“^ is the sum of r_i and the commutator between rj and go. 

Step 3. Here we show the strong convergence rjEjA^ —)■ in where we remind the 

reader that by gauge invariance of the curvature 2-form. By 06.151) . we may write 



g_i(t, (T, + go(A,.)hi"("^ + r_i(t, X, 
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as 


Using = 0, we rewrite rjX^d\Fl^^ 


{lU 


nX’-d^Fl^l = S„(r,X"F<;') - 4(ifA'"d”') - S.(’A'")d:’ + 

and hence we arrive at 

where 

Fm|F'”>]„. = q«{D,.,)riFlrJ - q^At, x, D,,J [9„(',A")Fi:' - 9„(',A")Fi;;>] 

By (I6.2p . it follows that 

Moreover, we claim that Rm[F^'^'^]^u enjoys improved regularity, i.e.. 


(6.16) 


I 1 < Co uniformly in n. 

^t,x 


(6.17) 


By the Rellich-Kondrachov theorem, after passing to a subsequence of the se¬ 

quence rjRM[F^"'^]fj,t, is strongly convergent in moreover, we can also ensure that the 


limit belongs to Combining these facts, as well as the identity rfr] = r], we see that 

rjF^’ is strongly convergent in to a limit that belongs to Since rjA^ —)■ in 
the limit is equal to rjF^,^. Hence the statements regarding F in fl6.4p and fl6.6l) follow. 

It remains to verify the claim (16.171) : it is at this point we use the uniform bound (I6.13p . 
Expanding = dH^"^ it follows from fl6.12l) that < eo. Then by fl6.13l) and 

the support property of the symbol go; we have 

L+ 


^t.x 




and for the remainder, we have 

IlfiMlF'"’!;,. - 9 o(A,Ji;F£>|I„;. < < €0, 

which proves the claim. 


'^t,X 


step 4. In this intermediate step, we use strong eonvergenee of FjA^^ to prove 


,P<"' —)■ rjAfj, strongly in 


(6.18) 


as n —)■ oo, up to a subsequence. We also prove improved regularity for the limit i.e., 

dAvA,) e HI. (6.19) 

To begin with, observe that by the Coulomb gauge condition. Therefore, 

for each spatial component fi = k G {1,2, 3,4}, we have 


vAt^ = A U dAvF^k’) + [A, r]]AA’ + [v, ^^]F^ 




(n) 




ek 


( 6 . 20 ) 


For any j G {1,2, 3,4}, note that djA is strongly convergent in LA, thanks to 

the previous step. Writing out F^'^^ = and using the strong LA convergence of TjA^A\ 
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it follows that the remainder ^([A, ri\A^u'^ + [r?, d^]Flu'^) is strongly convergent in LA as 
well. Hence flOSll holds for /i e {1, 2, 3,4}. 

In the case /x = 0, note that (I6.12p and fl6.13p already imply 

|| 4 (? 7 i[)’"^)|| 1 <eo uniformly in n. (6.21) 

Therefore, after taking a suitable subsequence, the desired convergence fl6.18l) (by the Rellich- 
Kondrachov theorem) as well as the improved regularity (16.191) follow. 

It only remains to prove the improved regularity fl6.19p for /x = fc G {1,2, 3,4}. First, 

by fl6.20l) and the improved regularity rjF G rjA G hf/a,, it follows that rjA^^’ G L^Hx. 
Then using the identity 


( 6 . 22 ) 


dt{T]Ak) - dkivAo) = r]Fok + [dj,r]]^k - [dk,T]]^o, 
and the improved regularity dxirjAo) G as well as rjF G rjA G we have 

dt{riAj^’) G It follows that rjAj^’ G which is better than what we need. 

^ ^ 3 

Step 5. In this step, we show that —s. in and r](j) G For the former, 

from the decomposition 

^DW0(n) _ 

the convergence rjA^^'^ —)■ rjA in L'fHl and fl6.12p . we see that it suffices to prove 

r]d^(j) in Ll^. 

By (I6.15p . we have 

X, Dt,x)riX^d^(i)^'^'> + x, A,x)hi0^"^ 

To use fl6.2p . we rewrite as 

= r](DP + 6 ) 0 (") - iX'' 

where = d + iA^'^\ Expanding t]A^'^^ = ri{A^'^^ — H^")) + 7]A^'^\ we arrive at 

=g_i(f,a;, A,.)^(d 5^ + -^g-i(La;, A.x)X"r/(iA 

- *g_i(f, x, A,x)X"r7H,0W + 

where 

-Rkg[ 0^"^] := +r_i(f,a;, A,x)?7i(^''”^ - bq-i{t,x, Dt,x)r]^^'^^■ 

As in Step 2, for the hrst term we have 

||g_i(f,x, A,x)h(Dx^ + ^ 0 

as n —>■ oo, thanks to 06.21) . For the second term, we have 

as n —f oo, by Holder, Sobolev in n, convergence of to 7/yl„ and (lb 1 ‘til . On the 

other hand, for the third term, we have 

\\q_i{t, X, Dt^x)X’'r]A^(f)^^'>\\ ^^3 < €o\\{Dx) {Dt^x)Hv^)\\Ll^ uniformly in n. 
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(6.23) 


H/ 

























where we used Lemma 16.41 below with / = rjAy and g = We also used the obvious 

bound WgAi, , which follows from Holder, Sobolev in x and fl6.12p . 

to control the norm of the left-hand side. Finally, for we have, as in Step 3, 

||^kg[(^^’"^]|| i uniformly in n. 

By the Rellich-Kondrachov theorem, there exists a subsequence (which we still denote by 
such that 

3 

is strongly convergent in to a limit that belongs to As a consequence of these facts, 
as well as the identity grj = r], it follows that is strongly convergent in to a limit 

3 

in Finally, since ^ 0 in the limit is equal to gcj). □ 


Lemma 6.4. For f,g G we have 


WfgW 


< 


^t.X 


II I A,a:h/||i 2 m || ||• 


(6.24) 


Proof. We use the Littlewood-Paley projections {Sj} in For every j G Z, we decompose 

Sjifg) = Sj{{S>j-wf)g) + Sj{S<j-wfSy_5j+5]g) 

Using Sobolev and Holder, we estimate each term on the right-hand side as follows: 

||S,((S>j_,„/)9)|l . < ^ 2i=\\SjJ\\,,^.J 




ji>j-10 


<\\D 


GslUrii E 24o-J-)|||A,>Uj,/n.s,, 




\\^ji^<j-wfS[j-5,j+5]g)\\ - ^ ^ ‘^^^\Sjif\\L^L^\\S[j-5j+5]g\\ 




< 


\Dt,.g\\LrLi Y1 2^^^'^-^'^IIIA..|^^,JIL2hi- 


ji<j-lO 


Thanks to the exponential gain 2 alt th^ -^q have 

3 ’ 31 

The desired estimate is now a consequence of almost orthogonality of in 


L^Hl- 


□ 


6.2. Weak solutions to fIMKGI) . We hrst define a function space that is suitable for a weak 
formulation of fIMKGp . 

Definition 6.5. Let O C be an open set. We define X'^{0) to be the linear space of 
pairs (A, 0), where A is a real-valued 1-form and 0 is a C-valued function on (9, such that 

(t> e Ll^{0), D^0 e Ll^{0) for all p, z/ = 0,1,..., 4, (6.25) 

where = ci^A^ — d^A^ and D^0 = 5^0 -(- iA^cj) in the sense of distributions. 

We may now define a notion of weak solutions to fIMKGIl as follows. 
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Definition 6.6 (Weak solutions to flMKGp i. Let O C be an open set, and let {A, 0) G 
A!'^{0). We say that {A, 0) is a weak solution to fIMKGp on O if for every real-valued 1-form 
oj G C^{0) and complex-valued function ip G C^{0), we have 


Fy^d^oo'^ + Im(0Dj,0)a;'^ dfda; =0, 


o 




Fif) + Im(y4^D^093) dtda; =0. 


(6.26) 

(6.27) 


By an integration by parts argument, it may be readily verified that admissible and clas¬ 
sical solutions to fIMKGp are indeed weak solutions. In the converse direction, if {A, 0) is a 
weak solution to fIMKGp that is furthermore smooth, then (^4,0) solves fIMKGp in the usual, 
classical sense. 

Next, we discuss the gauge structure of weak solutions to (IMKGD . We first define the 
space of gauge transformations between pairs in 

Definition 6.7. Given an open set O C let y'^(O) be the space of real-valued functions 
X on O such that y G F[l^^{0). 

Indeed, note that if (^,0) G and y G then the gauge transform (A, 0) := {A — 
dx, e*^) also belongs to X^. Moreover, if (A, 0) is a weak solution to fIMKGp then so is 
(A, 0), as the next lemma demonstrates. 

Lemma 6.8. Let O C he an open set, and let (A, 0) G X'^iO) he a weak solution 

to fIMKGp . Then for every x £ y'^iO), the gauge transform (^4,0) := [A — dy, e*^0) also 
belongs to X'^(O) and is a weak solution to fIMKGp . 

Proof. We need to verify fl6.26p and fl6.27p for (A, 0). For fl6.26p there is nothing to verify, 
as both F and Im(0D0) are invariant under gauge transformation. For fl6.27l) . we have 


Re(D^0 -I- Im(74^D^0 (p) dtdx 


o 


F{e~Pip)) + lm{A^'De~P(p) dMx. 


Observe that if y G C°°{0), then the last line would be equal to zero by fl6.27p for (A, 0). 
Considering a sequence G C°°(0) such that y*^"'^ —)■ y in the topology and 

also pointwise almost everywhere, it can be seen that the last line is indeed zero, by the 
dominated convergence theorem, Leibniz’s rule and Holder’s inequality. □ 


6.3. Local description of solutions to (IMKGp . Here we discuss how to describe a solution 
to fIMKGp by local data. More precisely, given an open cover Q = {Qa} of an open set 
O C we would like to describe a solution to fIMKGp on O by local solutions on 

satisfying certain compatibility conditions, which ensure that the local solutions combine to 
form a single solution on O. This idea is made precise by the ensuing definition. 


Definition 6.9 (Smooth compatible pairs). Let O C be an open set and let Q = {Qa} 
be a locally finite open covering of O. For each index a, consider a pair (H[o], 0[„]) G Cf°,,{Qa), 
where H[q] is a real-valued 1-form and 0 [q,] is a C-valued function on Qa- We say that 
(H[q,], 0[ci]) are smooth compatible pairs if for every 0 , 0 , there exists a gauge transformation 
X[a 0 ] G Cf^{Qa n Qy) such that the following properties hold: 
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(6.28) 


(1) For every a, we have X[aa] = 0. 

(2) For every a,/3, we have 

on Fl 

(3) For every a,/?, 7 , the following cocycle condition is satished: 

X[a/ 3 ] X[/ 37 ] X[ 7 o:] ^ 27rZ on Qcx F Qy F Q^. (6.29) 

The notion of {goMge-) equivalence of compatible pairs is dehned as follows. 

Definition 6.10 (Equivalence of smooth compatible pairs). Let O C be an open set, 
and let Q = {Qa}, Q! = {Q'y] be locally hnite open coverings of O. Consider two sets 
of smooth compatible pairs (p[o\) and (Aj^j, (/)|^j) on Q and Q', respectively. When Q' 
is a rehnement of Q (i.e., for every (3 there exists a{(3) such that Q'^ C Q„), we say that 
(Ajq,], 0[a]) and (A|^j,0|^j) are {gsMge-)equivalent if for every (3 there exists XiP] ^ CcxiQ'y) 
such that (A|^j, 0 |^j) = — dx[/ 3 ], </>[«]la the general case, we say that (Ajq], 0 [o]) 

and (^j^], 0|^]) are {gsMge-) equivalent if there exists a common rehnement Q!' of Q, Q! and a 
set of smooth compatible pairs (Aj^^j, 0j(^j) on Q” which is equivalent to both (y4[Q],0[„]) and 

Remark 6.11. In more geometric terms, compatible pairs (A[„], (/>[□,]) on are precisely ex¬ 
pressions of a connection A and a section 0 of a complex line bundle L in local trivializations 
L Qa X C. Moreover, equivalent sets of compatible pairs are alternative expressions of 
the same global pair {A, 0 ). 

In fact, expression of connections and sections in local trivializations in the fashion of 
Dehnition 16.91 is necessary if the complex line bundle L under consideration is topologically 
nontrivial (i.e., L is not homeomorphic to the product of C and the base space). In our 
setting, however, there is no loss of generality in simply identifying connections and sections 
of L with real-valued 1-forms and complex-valued functions, respectively, as all base spaces 
we consider (e.g., O = / x or Cj^oo) some T > 0) are contractible and hence all 
complex line bundles over such spaces are topologically trivial. In this case, every smooth 
compatible pairs on O is equivalent to a global smooth pair {A, 0) on O. 


Remark 6.12. We emphasize that no delicate patching is needed for smooth compatible pairs 
in this paper, since all we need is merely the soft fact that the energy argument in Section [5] 
and the stress tensor argument in Section [7] (which are both gauge invariant) can be justihed. 
In contrast, in [23] an elaborate patching argument had to be developed in order to control 
the norm of the equivalent global pair in the Coulomb gauge. 


Based on the spaces introduced for the weak formulation of flMKCp discussed above, we 
can also formulate the notion of weak compatible pairs. 


Definition 6.13 (Weak compatible pairs). Let O C be an open set and let Q = {Qa} 
be a locally hnite covering of O. For each index a, consider a pair (y4[Q],0[„]) G X'^{Qa)- 
We say that (y4[„], 0 [q,]) are weak compatible pairs if for every a, [3, there exists a gauge 
transformation XlajS] £ y^iQa F Q/ 3 ) such that the properties ([I])-(l3|) in Dehnition 16.91 hold 
almost everywhere. 
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The notion of equivalent sets of weak compatible pairs is defined as in Definition 16.101 
where the space Ct,x{Q'p) is replaced by y^{Q'p)- 

Geometrically, weak compatible pairs 0 [q,]) may be thought of as local descriptions 
of a connection and a section defined on a rough complex line bundle L. A simple but 
crucial observation is that smoothness of the pairs 0[„]) implies smoothness of the gauge 
transformations X[a/3]- Indeed, simply note that dx[a/ 3 ] = A[q,] — A[^] by the property (|2]) in 
Dehnition 16.91 As this fact will play an important role in our argument (see Proposition 17.3p . 
we record it as a separate lemma. 

Lemma 6.14. Let Q = {Qa} be an open cover of O O and let (A[„],0[q]) on Qa 

be weak compatible pairs. //A[q,],0[q] G C°°{Qa) for every a, then (A[q,], 0[q,]) form smooth 
compatible pairs in the sense of Deftnition \6.tA 


We end this subsection with another simple lemma, which will be used later to show that 
the local solutions obtained from Proposition 16.11 in the limit form weak compatible pairs. 

Lemma 6.15. Let Qi,Q 2 ^ be open sets such that Qi H Q 2 7^ 0 on open bounded 
set with a piecewise smooth boundary. Consider sequences G X'^iQa) (« = l,2j 

and X[i2] ^ y^iQi G Q2) such that 


= ("4[p - dx[” 2 ], a.e. on Qi n Qa- 

In other words, ore weak compatible pairs for each n. Suppose furthermore that 

each sequence has a limit {Aya\, (fyaf) in Af^{Qa) as n ^ 00 . Then the limits 

{A]^a]) 4>[a]) (A = l,2j also form weak compatible pairs, i.e., there exists X[i 2 ] ^ y^iQi G Q 2 ) 
such that 

(A[2], 0[2]) = (A[i] - dx[i2], PI g^. (6.31) 

Moreover, there exists a subsequence of x^2^2] converge^ to X[i 2 ] in y^{Qi G Q 2 ) up to 
integer multiples of 271. 

Proof. Let X[i 2 ] /QinQ 2 ^[ 12 ] mean of X[nY Poincare’s inequality, the identity 

dxp 2 ] = A^2r\ ~ convergence of {a = 1,2), the mean-zero part Xj" 2 j := 

Xp 2 ] — X[i 2 ] converges to a limit X[i 2 ] in 3^"'(Qi fl Q 2 ) = Hl„,,{Qi n Q 2 ). On the other hand, 

—(ti) 

we can easily extract a convergent subsequence from the bounded sequence abusing 

the notation a bit, we denote the subsequence still by e and the limit by for some 
X[ 12 ] £ If follows that x^l] converges to X[i 2 ] := X[i 2 ] + X[i 2 ] (V"'(Qi GQ 2 ) as n -)■ 00 up 

to integer multiples of 27r. The desired gauge equivalence in the limit fl6.3ip is now an easy 
consequence of fl6.30l) and the above convergences. □ 


(6.30) 


7. Stationary / self-similar solutions with finite energy 

In the context of the blow-up analysis to be performed in Section [HI the local strong 
compactness result (Proposition 16.11) will give rise to two types of solutions to (IMKGp : 


^^That is, there exists fcm G ^ such that + ^irkm —>■ X[i2] in T™(Qi O Q 2 ). 
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(7.1) 


• A stationary solution (A, 0), which is dehned by the property 

iyF = 0, Dy(/) = 0 

for some constant time-like vector field Y ; or 

• A self-similar solution (A, 0), dehned by the property 

iXoF = 0, (Dxo + -)0 = 0. (7.2) 

P 

In Sections l7. II and 17^ we show that snch solntions mnst be trivial nnder the hnite energy 
assnmption. We nse the method of stress tensor, which is the elliptic version of the energy- 
momentnm-stress tensor considered in Section O In Section 17.31 we establish an elliptic 
regnlarity result for these solutions under the improved regularity assumption fl6.6p ensured 
by Proposition 16.11 


7.1. Triviality of finite energy stationary solutions. As any unit constant time-like 
vector held Y can be transformed to the vector held T = dt in the rectilinear coordinates, 
we may assume that Y = T. Our main result in this case is as follows. 


Proposition 7.1. Let (A, 0) be a smooth solution to flMKOp on with ltF = 
07^0 = 0. Suppose furthermore that (A, 0) has finite energy, i.e., £^{o}xr4[A, 0] < oo. 

^^{o}xr4[A, 0] = 0. 


0 and 
Then 


Proof. We use the rectilinear coordinates {t = in which T = dt- By the 

stationarity assumptions {iTF){dj) = Foj = 0 and 0^0 = Do0 = 0, flMKOp reduces to the 
following elliptic system on each constant t hypersurface: 


d^Fj, =Im(0D,-0), 
D^D^0 =0. 


(7.3) 


Henceforth, we work with F, 0 restricted to the hypersurface {t = 0}. 

For the purpose of showing £[A, 0] = 0, consider the following stress tensor associated to 

(Ol): 

Q,-0A, 0] := Re(D,0D;0) - ih,fcRe(Dfc0DV) + F,eF^^ - ^d.uFtmF^^. (7.4) 
Given a vector held S on we dehne as before the associated 1-and 0-currents 
(^)J,[A,0] := Q,4A,0]A^ ('')iF[A,0] := Q.^A, 0]('')7rA 

which, thanks to (17.31) . satisfy the divergence identity 

V"(('')j[A,0]a) = (^)iF[A,0]. (7.5) 

Choosing S to be the scaling vector held on so that, in the rectilinear coordinates 

= x^, 


we have 


(^)a:[A,0] = -2|D0|2, |(^)Jj[A,0]| < \x\\B(j)\‘^ + \x\\F\\ 


where |D0|2 = |Dj0|2 and \F\^ = . 


I F F 
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We now integrate fl7.5p by parts on a ball Br C of radius R> 1 centered at 0. Then 
we see that ^ 

— 2 / \'Du\‘^ dx = f J[A,u]an‘^, where n = (7.6) 

JBa JdBa FI 

By the hnite energy condition, we have |D0|, |F| G L^(R^); this fact is enough to deduce the 
existence of a sequence of radii —)■ cxo along which the boundary integral vanishes. Hence 
it follows that 'Dx'P = 0. 

It only remains to show that F = 0. Note that F is now a harmonic 2-form in 
as dF = d^A = 0 and the right-hand side of the hrst equation in (17.31) vanishes. Therefore, 
each component Fjk is a harmonic function. By the non-existenc4)j of nontrivial harmonic 
functions in L^(R^), it follows that F = 0, which completes the proof. □ 


7.2. Triviality of finite energy self-similar solntions. In the case of a self-similar solu¬ 
tion with hnite energy, our main result is as follows. 


Proposition 7.2. Let (H, </>) be a smooth solution to fIMKGp on the forward light cone C'(o,oo) 
with lxqF = 0 and Dxo0 + = 0- Suppose furthermore that (H, 0) has finite energy, i.e., 

supig(o,cx)) Sst [^5 0] < cxD. Then £st [^5 4>\ = ^ for all t > 0. 


Proof. We use the hyperbolic coordinates {p,y, 0), in which Xq = dp. By the self-similarity 
assumption lxoF{-) = F{dp, •) = 0 and Dap0 = —^0, it follows that the pullback of {A^cf) 
to Pi = {p = 1} = which we still denote by (H, 0), solves the system 


-divH4F =Im(0DH40), 

(—Ah4^^ — 2)0 =0, 


(7.7) 


where F = dA, (dive4F)a = VH4Fba, Dh4 = Vm + iA and Ae4^^ = D^4De4,a- Furthermore, 
by Proposition 15.11 applied to Pi = we have 



-cosh|/|F|H4dcrH4 < oo. 



2 L 


cosh?/|0f -|- 2sinh?/Re[0Dp0] -|- coshj/|D 


d(j]Hi4 < oo. 


(7.8) 

(7.9) 


where |F|^4 = |(fi'Hi)‘'''(fi'Hi)'’‘^FabFcd and |D0|^4 = (%i)'"'’Da0Db0. 

In order to proceed, we reformulate the system on using the conformal equivalence of 
and H^. Consider the following map from to 

$ : ^ tf, (r, 0) i-G- {y, 0) = (2 tanh“^ r, 0) 


The map $ is a conformal isometry, i.e., 

<F* 5 (h 4 = <F*(d|/^ -h smlAygss) = Qf{dr‘^ + r'^ g^s) = Q^go^i, 

where <F* denotes the pullback along <F to D"^, and fl := jzpi- For the pulled-back pair 
($*H, fl $*0) on which (slightly abusing the notation) we will denote by {A, u), we have 


d^Fji =Im(MDjM) 
= 0 . 


(7.10) 


^^This fact can be proved using the monotonicity (17.141) . which holds for all 0 < ri < r 2 for harmonic 
functions on K^. 
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where F = dA and D = V + iA. Moreover, the bounds fl7.8p and fl7.9p then translate to 


\rT>rU + 2u\^ + 


21-r2' 
1 


IDj-mI F 


d(Ji[))4 < cxo, 
1 + 


(1 — r2)r2 


|Pm| 


dcTn-i < oo. 


(7.11) 

(7.12) 


where = (( 7 g 3 ^)’^^DaMDbM. Indeed, note that 


<h*dcrH4 = r2^dcrp4, <l>*(coshj/) = 


1 + 


$*(sinhj/) = 


2r 


1 — r2 ’ 1 — r2 ‘ 


From these identities and fl7.8p . we immediately see that fl7.1ip holds. Moreover, fl7.12p 
follows from fl7.9p and the following computation: 

r 1 r 


/H4 


cosh|/|0f + 2sinh|/Re[0Dj/0] + cosh?/|D 


1 + r" 

2 Ll -F 
1 
2 
1 




4r 


\u\^ + 


1 — r2 
4r 


Re[f2Mr2Dr(fl ^m)] + 


d(T]H[4 

1 + 

1 — r2 




dcT]D)4 


Re[MDrM] + -- -\'DrU\‘^ + 


2 Ll 


1 , ,9 1 

- -\rY>rU + 2 uf + -- 


IDj-mI F 


1 + 


(1 — r2)r2 


|Pm| 


dcT]D)4 


(1 — r2)r2 

We will now show that fl7.10p . (17.lip and (I7.12p imply m = 0 on Since the system 
(17.1 op coincides with (17.3p restricted to D^, the divergence identity (I7.5p can be used in the 
present context as well. Integrating fl7.5p by parts on a ball Bji C of radius i? < 1 
centered at 0, we see that 


\Duy dcTD4 = 


'Br 


’OBr 


^^^J[A, 


X 

where n = - — -di. 

\x\ 


(7.13) 


Observe that fl7.1ip and fl7.12p imply the existence of a sequence —)■ 1 such that 

[ |(^)j[A,M]an‘"|-)■ 0, 

JdBR^ 

which shows that Dm = 0 on D^. Plugging this information into fl7.12p . it follows that w = 0 
on as desired. 

To complete the proof, it only remains to show that F = 0. As before, F is now a 
harmonic 2-form in L^(D'^) by fl7.7p : hence each component Fjk is a harmonic function on 
D^. Fix j, k G {1, 2, 3,4} and observe that (p : = Fjk, viewed as a real-valued function, obeys 
the following monotonicity property: 


i7^r< 


|(p|^ where 0 < ri < r 2 < 1. 


JdBr^ '^2 JdBr^ 

Indeed, fl7.14p is a consequence of interpolating the inequalities 


(7.14) 


n JdBr, 


\f\ < 


^ JdB 


sup \ip\ < sup \ip\ 


where 0 < ri < r 2 < 1, 


’'2 


dB, 


n 


dBr 
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which follow from the mean-value property and the weak maximum principle for the sub¬ 
harmonic function |(p| on D^, respectively. By fl7.1ip . it follows that Fjk = (p = 0 on □ 

7.3. Regularity of stationary and self-similar weak solutions to flMKGD . We end this 
section with a regularity result, which applies to weak solutions obtained by Proposition 16.II 

Proposition 7.3. Let {A, 0) he a weak solution to flMKGD on an open set O C such 
that 

A, € Hl(0), ^ 6 (7.15) 

Suppose furthermore that one of the following holds: 

(1) Either (A, 0) is stationary on O in the sense of (17.ip .- or 

(2) The set O is a subset of the cone G(o,oo) = {0 < r < f} and {A,(j)) is self-similar on 
O in the sense of fl7.2l) . 

Then for every p ^ O, there exists an open neighborhood p & Qp F O and a gauge transfor¬ 
mation X[p] £ y^iQp) such that (y4[p],0[p]) = [A — dx[p],0e*^w) is smooth on Qp. 

Proof. The idea is to derive an elliptic system as in fl7.3p [resp. fl7.7p ] using stationarity 
[resp. self-similarity], and then use its regularity theory. To get rid of the non-local operator 
in the norm, we begin with the following simple maneuver: For any open bounded 
subset Q F O with smooth boundary, by Sobolev and (17.151) . we have 

A,eH}JQ), (7.16) 

where (? = |. The important point is that g > 2, which will make this bound subcritical. 
Hence we would be able to conclude regularity via a simple elliptic bootstrap argument. 

We first treat Case [H Applying a suitable Lorentz transformation, it suffices to consider 
the case Y = dt in the rectilinear coordinates {t = ..., Moreover, applying 

an appropriate space-time translation, we may assume that p is the origin. Let Qp := 
{—6,6) X 6 B, where 6 B is the open ball of radius 6 centered at the origin. Choosing 5 > 0 
small enough, we have Qp C O. By (I7.16p and Fubini, there exists t G (—0 5) such that 

h.SB^ H\6B), 0 W^’\6B), (7.17) 

where the shorthand t = {7} is used for simplicity. We claim that there exists X[p] ^ 
5, 5) X 6 B) so that X[p\ \tx 5 B^ H‘^{6B) and 

dtX[p\ = klo in (-0 5) x 6 B, L\x\p\ ftx 5 i?)£- (7-18) 

Indeed, we may simply define x^p^ = A~^d^{r]A where p G G^(R^) satisfies p = 1 on 

6 B and supp p Y O, then solve the transport equation dtX\p] = Aq in (—5, <5) x 6 B with initial 
data X[p] That this xip] belongs to 5) x 6 B) and X[p] hxSB^ H^{6B) easily 

follow from the bounds for A in fl7.16p and fl7.17p . 

Consider now the gauge transform (A[p], 0[p]) = {A — dx[p], 0e*^w). By fl7.18p . we have 

A[p]o = 0 in {-6,6) X 6 B, d^{A[p] \t,,sB)i = 0 in 6 B. (7.19) 

By the stationarity assumption lq^F = 0 and Ddt4> = 0) ii' follows that 

dtAip]j = Foj = 0, dt(j)[p] = 0 in (-0 5) x 6 B. 

Hence to prove that (A[p],0[p]) is smooth in Qp, it suffices to show that (y4[p],0[p]) {jy^sB is 
smooth. Abusing the notation slightly for simplicity, we will henceforth write A = A[p] 
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and 0 = 0[p] tix< 5 _B- By fl7.3p and fl7.19l) (in particnlar, the Conlomb condition for A), (A, 0) 
satisfies an elliptic system on 5B of the schematic form 

AA =(f>d(j) + (pAcj), 

A0 =Ad(j) + AA(p. 

Moreover, (A, 0) belongs to A e and 0 G W^’'^{6B), thanks to fl7.17p and x\p] hxSB^ 

H‘^{SB). As this system is i7^-critical and every nonlinear term has at least one factor of 0, 
which obeys a subcritical bonnd 0 G we can perform a standard elliptic bootstrap 

argnment to conclnde that (A, 0) is smooth on 5B with nniform bonnds on compact snbsets. 
This conclndes the proof in Case [H 

The proof in Case [2] is entirely analogons to Cased], so we only give a brief ontline. Here, 
instead of the rectilinear coordinates, we use the hyperbolic coordinates (p, ?/, 0), in which 
X = dp. Applying a suitable Lorentz transformation and scaling transformation, we may 
assume that p coincides with the point p = 1, ?/ = 0. Let Qp = (—5,5) x Ds, where 
Ds := {(p, 0) : IpI < 5}, which is contained in if 5 > 0 is sufficiently small. By fl7.16l) and 
Fubini, there exists p G (—5, 5) such that 

71 fpxD.e ct> \-p^Ds^ (7.20) 

Proceeding as before, we can hnd x\p] ^ (V’^((~5, 5) x D^) so that x\p\ \pxDs^ H‘^{Ds) and 

9pX[p] 0 in ( 5,5) X Dg, A-^-xip] \pxDs— V-^_(A (pxn) 5 )a- 

Then the gauge transform (A[p], 0[p]) = (A — dx[p], 0e*^w) obeys 

^[p](^p) = 0 in (-5, 5) X Ds, V^_(A[p] (pxDja = 0 in Ds. 

By self-similarity, we have £apA[p] = 0 and 9p(p0[p]) = 0, so it only remains to prove that the 
pullback of (A[p], 0[p]) on J)xDs, which we will refer to as (A, 0), is smooth. As in the previous 
case, this is a consequence of the fact that (A, 0) obeys an elliptic system (thanks to fl7.7p 
and the Coulomb gauge condition on 'Hp), the bounds A G H^{Ds) and 0 G W^’'^{Ds) with 
q > 2 (by fl7.20p and X[p] \pxDs^ H‘^{Ds)), and a standard elliptic bootstrap argument. □ 

8. Proof of global well-posedness and scattering 

Here we carry out the proof of Theorem 11.31 using the tools developed in the earlier parts. 

8.1. Finite time blow-up/non-scattering scenarios and initial reduction. Our over¬ 
all strategy for proving Theorem 11.31 is by contradiction. Suppose that Theorem 1 1.3 1 fails for 
an initial data set (a, e, /, g) G V} in the global Coulomb gauge. By time reversal symmetry, 
it suffices to consider the forward evolution. Let (A,0) be the admissible CAH} solution 
to the Cauchy problem in the global Coulomb gauge dehned on the maximal forward time 
interval I = [0,T+) for some T+ > 0 constructed by Theorem 14.31 By Theorem 14.81 the 
solution (A, 0) exhibits one of the following behaviors: 

(1) (Finite time blow-up) We have T+ < oo and 

||^o||vi[o,r+) + ||Aa;|l5i[o,r+) + ||0 ||si[o,t+) = co. (8.1) 

(2) (Non-scattering) We have T+ = oo, but 

ll^o||yi[ 0 ,oo) + ||^a;||5i[0,oo) + ll^lUqo.oo) = OO. 
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In the case of finite time blow-up, we may use the energy concentration scale Tc in Theo¬ 
rem |1]3] to show that the energy must concentrate at a point. 


Lemma 8.1. Let be an admissible Cth} solution to fIMKGj) on [0,T+) x with 

T+ < oo m the global Coulomb gauge. Then either {A, 0) can be continued past T+ as an 
admissible CtTi^ solution in the global Coulomb gauge (as in Theorem \4.3]) , or there exists a 
point Xq G such that 

limsup£p}xB(j,^_,)(xo)[-4,0] > 0. (8.3) 

t — 


Proof. For t < T+ and a: G we define the function 

E(t,x) — S^to}xB(^j.^_t){x)[A, (j)] 

This is continuous in x, and, by the nonnegativity of the flux in the energy relation fl5.3p . it 
is nonincreasing in t. Further, by the same relation, we have 

lim E{t,x) = 0, uniformly in f G [0,T+). 

X^OO 

Then we have two alternatives: 

(i) Either limj^-r^ sup3,g]K4 E(t, x) < 6 o{E,el), which implies that there exists to so that 
energy concentration scale at t = to as in fl4.4p is greater than T+ — to. By Theorem 14.31 
we can then extend {A, (f) past T+, as claimed. 

(ii) Or, hmt^T+sup3,giR4 F'(f, x) > (5o(E,e^). Then the sets Dt = {x ^ M.'^;E{t,x) > 

So{E, el)} are nonempty, compact, and decreasing in t. Thus they must intersect. Any xo in 
the intersection will provide the second alternative in the lemma. □ 


Theorem 14.71 provides additional information about the nature of the singularity in both 
scenarios, which is crucial to our proof of Theorem 11.31 To utilize this information, we 
introduce a smooth function ( satisfying the following properties: 

• suppC C i?i(0) and f ( = 1. 

• There exists a function ( G with C > 0 such that C = C * C- 

Then we define the physical space version of energy dispersion as follows: 

ED[A,0](J) := sup (2“^||C2-fc + 2“^^||C2-fe *D40(f,x)||L-j/xR4)) (8.4) 

where C 2 -'' •= 2^^(C(2^-). The hrst property makes ED[A,(;/)] simpler to use in physical 
space arguments; on the other hand, the second property is helpful in connection with the 
diamagnetic ineguality, which we state here. 

Lemma 8.2 (Diamagnetic inequality). Let O be an open set and 4 >,Ae H^{0). Then 
for any smooth vector X, < |Dx0| in the sense of distributions. More precisely, for 

any smooth rj > 0 with suppr] O, we have 

j r]\dx\(t)\\dix < j p|Dx0|dx. 

The key to the proof is the formal computation |<9x|0|| = 110|“^(0, Dx0)| < |E)x0|; we 
omit the standard details. We fix the choice of functions (, ( here, and henceforth we will 
suppress the dependence of constants on these functions for simplicity. 

The physical space version ED[A, 0] is related to the earlier Littlewood-Paley version 
EDlf)] defined in fl4.9p as follows. 
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Lemma 8.3. Let {A, 0) he an admissible Cth} solution to fIMKGp on J x in the global 
Coulomb gauge with £{t}ycK.^[A, (f)] < E. Then there exists C = C{E) such that 

EOmi) < GED|/1>](/) + 

where e{E) is as in Theorem\4^ 

Proof. All norms in this proof will be taken over I x The following estimates are straight¬ 
forward to establish: 


sup2 ||Pfc0||L,- <sup2 ||C 2 -fc 

k ' k 


sup2 ||Pfc(Di0)||L^^^ <sup2 ||C 2 -fc * (Dt0)l|L- • 

k ' k 


(8.5) 

( 8 . 6 ) 


In view of fIS.Sp and fl8.6l) . the lemma would follow once we prove that, for any mi > 10, 

suv2-‘^%PAct>\\Lr^ <E 2”^isup (2-2"||Pfc(Di0)|U^^^ +2-'=||Pfc0|Uc„J +2-"^h 

By the relation dt = 'Dt — *Ao, it suffices to show that 


sup2-2^||Pfc(Ao0)|U- < 2^^E-^ sup2-"||Pfc0|U- + 2—+ pi). 

k ' k ' 


(8.7) 


Thanks to the global Coulomb condition, we have 

For each fc G Z, we split 0 = P<k+mi4> + P>k+mi4>- For the former, we have 

2-2^||P,(AoP<fc+™,0)|Uj» < ^ 2'-^||Ao|U^^n42-'||P,0|Uco <2™ip5sup2-'||P,0|Uo 

i<k-\-mi ^ 

For the latter, by the properties of frequency supports, note that 

Ffc(AoP>fc+mi0) = y] {P[l-d,,i+S]^oPi4>)- 

^>k-\-mi 

Hence fl8.7ll follows from the estimate 

2 ^^||Pfc(AoP>A:+mi0)|Ut°^^ < 2^^||P[£_3^£+3 ]Aq||L^° oL2 ||P£0|| 

^>k+m,\ 

<2-2mi(p^p3/2)_ 


□ 


As a result, there exists a function e = e(P) > 0 such that Theorem 14.71 holds with the 
condition (14.lip replaced by 

ED[A,0](J) <e(P). grU) 

Let £ > 0 be a small parameter to be chosen below. We have the following result, which 
unihes the proof of Theorem 11.31 in both hnite time blow-up and non-scattering scenarios 
from here on. 


Lemma 8.4. Suppose that Theorem I i. ,91 fails for some initial data {a,e,f,g) of energy E. 
Then for every e: > 0 there exists a seguence —)• 0 and a seguence of admissible CfM} 
solutions (A^”'\0^"'^) on 1] x R'^ in the global Coulomb gauge that satisfy the following 
properties: 


49 




















( 8 . 8 ) 


(1) Bounded energy in the cone 

< 2E for every t G [£„, 1], 

(2) Small energy outside the cone 

0^”^] < e^E for every t G 1], (8.9) 

(3) Decaying flux on dC 

T-,,.,,] [/!<”', .^<”)] + 6s. < elE, (8.10) 

(f) Pointwise concentration at t = 1 

2-'^"|C2-.. +2-2""|C2-.. > e{E) (8.11) 

for some kn E Z and a;„, G 


Remark 8.5. The small parameter e > 0 will be specified near the end of the proof of 
Theorem 11.31 precisely in Lemma [8.111 depending only on E. 


Remark 8.6. By the global Coulomb gauge condition = 0, the following gauge depen¬ 

dent uniform bounds for A^l and hold: 




n)| 




,i];L|)<(1 + £^’)B’. 


( 8 . 12 ) 


Proof. Suppose that Theorem 11.31 fails. Then by the discussion at the beginning of the 
section, there exists an admissible CtH^ solution (s4, 0) of energy E to fIMKGD on [0, T+) x 
which satisfies either 0 < T+ < oo and fl8.1l) (finite time blow-up) or T+ = cx) and fl8.2p (non¬ 
scattering). We treat these two cases separately. 


Case 1: Finite time blow-up. By Lemma [8.11 there exists a point xq G such that 
fl8.3p holds with T = T+. By translation in space-time and reversing time, we may assume 
that Xq = 0 and we have energy concentration at the space-time origin as t —?• 0, i.e.. 


limsupi^sjA, 0] > 0. (8.13) 

t-kO 

Our next course of action is to use the excision and gluing technique (Theorem 14.4p to cut 
away the part of (^4,0) outside the cone of influence of (0,0). In what follows, we denote 
the ball i?i(0) by B, so that rB = 5^(0) for any r > 0. 

By Corollary 15.31 there exists fo > 0 such that 

•^9C(o,to] [A, 0] < min{5o(^, e*), 

where So{E,el) is as in fl4.4p . Furthermore, we can find a collar of radius ro > 0 around 
S'io = {to} X toB with small energy, i.e., 

^{to}M{to+ro)B\toB)[A,(j)] < mm{6o{E,el),e^E}. 

By local conservation of energy, we then have 

£{t}x{(t+ro)B\tB)[A, (j)] < mm{So{E,el),e^E} for every t G (0,to]- 

Observe that the ratio (t-|-ro)/t goes to oo as t —)■ 0. Hence, by the improved Hardy estimate 
in Lemma 14.51 for sufficiently small 0 < t < ro we also obtain 

II A0(^> ■)\\Li{2iB\iB) < mm{6o{E,el),e^E} for every t G (0,to]- 
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We may now apply Theorem 14.41 to (a, e, /, g) = {Aj, Fqj, 0, Dt4>) tp=t} to obtain a new data 
set (a,e,f,g) that coincides with {a,e,f,g) on iB and obeys 

< ^min{5o(^,eD,e^^^}- 

To pass to the global Coulomb gauge, we dehne the gauge transformation y G by 

X = A~^d^ai and let {a,e,f,g) be the gauge transform of (a, e,/,^) by y. Let {A,(f)) be 
the admissible solution to the Cauchy problem in the global Coulomb gauge given by 

Theorem 14.31 dehned on the maximal time interval I 3 t. 

As a consequence of the construction and local conservation of energy, the energy outside 
the cone C is always tiny, i.e., 

^{p}xiR4)\sji, 0] < ^mm{So{E,el),e^E} for every t e L (8.14) 

Then by an argument similar to the proof of Lemma 18.11 it follows that {A, 0) can be 
always continued to the past until 0, i.e., (0,t] C /. Furthermore, there exist sequences 
(tn, Xn) G / X and kn E Ij with 0 such that 

*(t>itn,Xn) \ + * Dt0(t„, | > e{E). (8.15) 

For otherwise, there exists 5 > 0 such that (l4.1Hp holds on (0,5). Then by Theorem 14.71 
(with (14.111) replaced by (Id.lllh ) and Theorem 14.81 the solution (A, 0) can be extended past 
t = 0. Hence lim sup^^p ^St [A, 0 ] = 0, but this fact contradicts (18.131) as £st [A, 0 ] = £st [A, 0 ] 
for every t E E 

Applying Corollary 15.31 to (A, 0), we may choose a sequence £„ —)■ 0 such that 

[A, 0 ] + Gst„ [ 0 ] < £nE. 

Then it follows that the sequence of rescaled solutions 

(AA),0A))(i^a;) := t0^(A, 0)(f“H, t"^a;) 
obeys the desired properties. 

Case 2: Non-scattering. This case follows by a simple rescaling argument. Let > 0 
be a large radius such that £^{o}x(r4\s^^(o)) [A, 0 ] < e^E. Translating in time by Rq and using 
the local conservation of energy, we may assume that (A, 0) obeys 

^{{t}xR‘i)\St 0] < for every t E [Rq, oo). 

By Theorem 14.71 with (14.111) replaced by (14.1111) and (18.2p . there exist sequences {tn,Xn) G 
[Rq, oo) X and E'L with tn ^ oo such that 

2"'="|C2-fcn *((){tn,Xn) \ +2"2^"|C2-fcu *Di0(f„,X„)| > e{E) 

By Corollary 15.31 we may then choose a sequence £„ —)■ 0 such that -3 oo and 

J^[entn,tn] ["4, 0] + Q St^ [0] < ^uE. 

Dehning (A^”^ 0("'^)(t, a:) := f“^(A, 0)(t“^t, f“^a:), we obtain a desired sequence. □ 
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8.2. Elimination of the null concentration scenario. Using Proposition 15.41 in partic¬ 
ular the weighted energy estimate on Si, we show that null concentration cannot happen. 
The precise statement is as follows. 


Lemma 8.7 (No null concentration). Let be a sequence of admissible CfH} so¬ 

lutions to flMKGp satisfying the conclusions of Lemma \8.4\ with the sequences Sn, kn and Xn- 
There exist K = K{E) > 0 and 7 = 7 (E) G (0,1) such that if kn > K{E) and \xn\ > l{E) 
for all sufficiently large n, and e > Q is sufficiently small depending on E, then 


limsup 2 * 4>{l,Xn)\+2 < e(E). (8.16) 

n—>-co 


Remark 8 . 8 . As K{E) in Lemma 18.71 can be replaced a posteriori by any number greater 
than K{E). Hence given any m = m{E) depending only on E, we may assume in addition 
to the statement of Lemma 18.71 that 


2 -'^< 


-(1-7). 


100 m{E) 

This observation will be useful in the proof of Lemma 18.91 below. 


(8.17) 


Proof. The idea of the proof is similar to that of [SH Lemma 6.2] with additional ideas to 
deal with the presence of covariant derivatives. 


Step 1. The starting point is Proposition 15.41 applied to (A, 0) = -v^iith e = 

more precisely the hrst term on the left-hand side of fl5.11|) . Using Lemma [TTO] to write out 
we see that the following a-priori estimate holds on Si: 


-(|Di”y'"7 + |P<"V'”7) < E. 


, ,, , , ... (8.18) 

I Si (1 - |a;| -1- e„)2 

By the smallness of the energy outside Si, as well as conservation energy, we then obtain 
the global bound 

[ I I' ^ -Ti-r(|Di”V‘"’t+IP‘"V">rt<li< B, (8.19) 

i{t=i} ((1 - |x|)+-Fe:„)2V / 

where (•)+ := max{-, 0 }. 


Step 2. We claim that for any k E X the following estimate holds: 

limsup 2 -^|C 2 -fc * |((>^''^|(l,a;)| < ( 2 -i^ + ((1 - |a:|)++ 2 "^)^-t-( 8 . 20 ) 

n—^oo ^ ' 


The point of fl 8 . 2 Up is that is gauge invariant, and hence we can avoid estimating A. 

Henceforth, we will denote := Wg ^jigg the rotational symmetry to bring 

X to the x^-axis, so that x = (|a;|, 0,0,0). Henceforth we will write x = {x^,x') where 
x' = (x^, x^, x'^). 

By the diamagnetic inequality fLemma l8.2p . conservation of energy implies 

j iW'^^^pdx < E. ( 8 . 21 ) 

where ;= Note that fl 8 . 2 ip and Young’s inequality implies the trivial 

bound 2 “^||C 2 -fc < which allows us to restrict our attention to a; = (x^, 0 , 0 , 0 ) 

with 1/2 < < 2 . 
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We claim that for n sufficiently large so that the directional derivatives other 

than di obey an improved estimate 

f Wk\djij^^^\‘^dx<E, ( 8 . 22 ) 

i=i 

where tCfc > 0 is defined as 

wAx) := -j-. (8.23) 

(|1 — + |a:'p + 2*^)2 + e® 

The estimate fl8.22p is a consequence of fl8.19l) . Indeed, the latter estimate combined with 
the diamagnetic inequality implies 

^ ^- -\W’‘'>\^ix<E. (8.24) 

J ((1 — |a;|)++ £„)2 + 

At a: = (1, 0, 0, 0) we have Therefore, by smoothness, we have 

4 

liyv-t - E :£ (|1 - “^‘1 + k'DIvvf. 

i =2 

On the other hand, (1 — |a;|)+ < |1 — a:^| + \x'\^. Therefore, combined with (I8.2ip (to control 
V'i/' in the error), fl8.24p implies 

j=2'’ (|1 - a;^| + Ix'P + £„)2 + e® 

Then under the assumption that Sn < the desired estimate (18.221) follows. 

Observe that we have put in an extra 2 ^ in the weight Wk- This maneuver ensures that w 
is slowly varying at scale 2^ x x • • • x 2^/^, i.e., for any x, ?/ G we have 

I I <; log«)|Poo < g2''|3/l|+2''/2|y'|^ (8.25) 

We now turn to the task of deriving (18.201) from (18.211) and (18.221) . We introduce the 
notation ZkA := C 2 -'= * A ^md write Zk{i) for the symbol of the integral operator of 
course, Zk is nothing but the Fourier transform of C 2 -'“- We furthermore decompose 

Zk = Zldi + Zld2 + • ■ ■ + Z% 

where the symbols zK^) of Zl are given by 


4(0 =^4042-^0)^, 

4(0 =^40(1 -^(2"^0))-|^ for J = 2,3,4. 


The contribution of Zldi to fl 8 . 20 |) is easy to treat. Observe that 4(04i is a smooth 
symbol which is rapidly decaying at scale 2 ^ in the ^i-direction and compactly supported in 
the set {|^'| < 2^/^} in the other directions. By Bernstein’s inequality, we have 


)—k 


ZlAi^yx)] < 2-i*|KV)|[„. < 2-i*Bt 
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which is acceptable. 

It remains to treat the contribution of Zldj for j = 2,3,4. Denote by Cli^) fhe inte¬ 
gral kernel of Zl, which is simply the inverse Fourier transform of z^. A straightforward 
computation shows that < 2^. Therefore, by Plancherel, 

IIC^IU^ < 2^ (8.26) 

Moreover, for any > 1, it is not difficult to see that 

4 

(2t^ + (2t|a;'|)-3)(l + 2'=|a:^|)-^2t^ (8.27) 

J=2 

where the implicit constant is independent of k. Hence we can split (I = (I near + Cfc far; where 

Cfc,near(^) ‘ Cfc (^) |<L 2 ^, \x'\<L 2 ^/^}i^) ^ 

and L > 0 is chosen large enough (independent of k) so that, by fl8.27|) . we have 

4 

(8.28) 


We denote the corresponding splitting of Zl by Zl^^^^ + Zl^^^. 

We are now ready to complete the proof of fl8.20p . The contribution of Zl is accept¬ 
able, thanks to (I8.2ip . (I8.28p and the Sobolev embedding H], C L^. For Yl]= 2 ^kneax^ 3 i 
have 


i=2 3=2 

<Mw~^ ( x ) \\li 


y IClnear(2/)PiV’^”Ha: - |/)| d|/ 


where, by fl8.25p . fl8.26p and the definition of Citnear’ ^ obeys the bound 


M := 


< 

rsj 


L 



I At 

u;(x -1/) 



1 

2 


)-2/c 


i=2 • 


{\y^\<L2>=, |y|<L2''/2} 


\Ci\ 


d|/ < 1 , 


which proves fl8.20l) . 

Step 2. In this step we upgrade (18.201) to the following gauge dependent estimate: 

limsup2-2^|C2-fc *Dj().(”)(l,x)| < ( 2 -i^ -7 ((1 - |x|)++ 2“^)^ (8.29) 

n^oo ^ ' 

The idea is that fl8.20l) has already broken the scaling invariance, so we can easily incorporate 
A using the trivial bound ||A||^^^i < 
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We begin by applying Step 1 to C 2 -'=! where we recall that C = C * C- We again introduce 
the shorthand Zk{-) ■= C 2 -'= * (')• By the simple pointwise inequality 
which holds since C ^ 0 ) we have 

limsup 2-^\Zk<j)^^\l,x)\ < ( 2 -!'^ + {{l-\x\)+ + 2-’^y+ e^)E^. (8.30) 

n—)-oo / 


Note furthermore that Z^ = Zf.. For j = 1,..., 4, we may write 

< 2 -*= sup |Zfc 0 (")(l,a:')| + 2 - 2 "|Zfc( 2 l 5 "V^”^)(l,a:)|. 


The hrst term on the last line is acceptable, thanks to fl8.30l) . To treat the second term, we 
insert 1 = (1 — Z 2 -k+m) + in front of A^'^\ for some m > 0 to be determined. By 

the simple inequality ||(1 — Zt+.J/lli| < 2-‘-”||/||m, each term involving 1 Zo^ — k+m IS 
bounded by 




ifl! 


which can be made < by choosing m large enough. For the remaining term, we have 




< 2-'=||Zfc+™ki;.")|Uoc2 
<E,n. 2 -^+™ sup 


^ sup \Zk+m(f>^'^\'^,x')\ 

\x—x'\<2~^ 

\Zk+m(f>^^\l,x')\ 


which is acceptable in view of fl8.30l) . 

Step 3. We are ready to conclude the proof of the lemma. By 08.201) and the pointwise 
inequality \C 2 ->^ * 0 | < C 2 -'= * 1 ^ 1 ; we can achieve the desired smallness as in 08.161) of 0 *^”^ by 
taking K very large, 7 close enough to 1 and e > 0 sufficiently small. For we have 

2-2"|C2-. < 2-2"|C2-. + 5^2-2"IC2-^ 

i=i 

Using 08.190 for the hrst term (also exploiting the fact that ( 2 - 1 ^ is supported in a ball of 
radius < 2“*^) and 08.29P for the second term, 08.16P now follows after adjusting K, 7 and £ 
if necessary. □ 


8.3. Nontrivial energy in a time-like region. An important consequence of Lemma 18.71 
is that there is a uniform lower bound for in a time-like region at f = 1. 

Lemma 8.9. Let be an admissible CtV} solution to OMKGI) satisfying 08.111) . 

Let K{E) > 0 and 'y{E) G (0,1) be as in Lemma and Remark \8.S[ Assume that either 

(1) kn < K{E) or (2) kn > K{E) and |a;„| < 1 — '^{E). Then there exist Ei = Ei{E) > 0 
and 7 i = 7 i(T^) G (0,1) such that if e > 0 is sufficiently small depending on E, then 

r ^ 1 

/ + (8.31) 

*1 ^l=0 
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Proof. Since the whole proof will take place on {t = 1}, we will ignore the difference between 
{t = 1} and Furthermore, as the argument is the same for each n, we will henceforth 
suppress n for simplicity. There are two scenarios to consider: 

A. Nontrivial kinetic energy. 2~‘^^\C,2-k *'Dt(l^{x)\ > ^e{E), or 

B. Nontrivial potential energy. *0(^)1 ^ 

We hrst treat Scenario A. By Cauchy-Schwarz, 



where we also used suppC C i?i(0). Hence in Case 2 , fl8.3ip immediately follows by taking 
7 i > 7 + 2“^ so that B 2 -k{x) C Note that we may still ensure that 7 i < 1 thanks to 


dHTH). 


Now assume that Case 1 holds, i.e., k < K. Splitting the convolution integral into 
+ /r 4 \Si’ Cauchy-Schwarz and using fl 8 . 8 p . fl8.9|) . we have 



where 



By elementary geometry and the assumption k < K, it follows that the last term is bounded 
by ^ (1 — uniformly in x. Taking 71 sufficiently close to 1, the desired conclusion 

follows. 


We now consider Scenario B. We repeat the above argument with Dtf) replaced by 0, 
while putting (' 2 -'= [resp. 0] in [resp. L^] instead of Lf [resp. Lf], Then in Case 1, 



(8.32) 


whereas in Case 2 , 



(8.33) 


with € 2 ( 71 ) ^ (1 — 7 i )^^'^2 The desired conclusion then follows from fl 8 . 8 l) . fl8.9l) . the 


diamagnetic inequality fLemma l 8 . 2 p and the localized Sobolev inequalities 




which hold with a uniform constant for any | < r < 1. Both inequalities follow from the 
usual Sobolev inequality on by extending / to We remark that the norm 


is not needed for the second inequality, since we can use localized Hardy’s inequality as in 


Corollary 15.91 


□ 
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The uniform lower bound in a time-like region can be propagated towards t = 0 using the 
localized monotonicity formula in Proposition 15.51 

Lemma 8.10. Let be a sequence of admissible CtTL^ solutions to flMKGp satis¬ 

fying the conclusions of Lemma \8.4\ Assume furthermore that each 0 ^”^) obeys fl8.3ip . 
Then there exist E 2 = E 2 {E) > 0 and 72 = 'y 2 {E) G (0,1) such that 


11 ^ 0 — 1 ' 2 )* 


(^o)p^[^(n)^ 0 (n)] ^ E 2 {E) for every t G lsi,e 


1 1 
41 


(8.34) 


Proof. Fix n and to G [sn'^^en'^]. Applying Proposition 15.51 with e: = = (1 — 72)^0 and 

= Mho, where 72 G (0,1) and M > 1 will be chosen below, we obtain 


I — 1 ' 2)*0 


0] dx < 


I _g(i— r2)t- 


(^°lpT[A,(j)] dx + C'f(M(l-72))5 + |logM|-^)E 


(8.35) 

On the other hand, by Lemma 15.101 (in particular, the expression for ^^°lPrp = -|- 

and flOB . we have 

Jsf^ 

Hence choosing M sufficiently large and 72 close enough to 1 to make the last term in (18.351) 
small, fl8.34p follows with E 2 = cPi(l — 71)2 for some c > 0. □ 


8.4. Final rescaling. So far, under the assumption that Theorem 11.31 fails, we have shown 
the existence of a sequence of solutions that satisfies the conclusions of Lemma [S31 

and a uniform lower bound (I8.34p in a time-like region. By Proposition 15.41 the sequence 
moreover obeys the uniform space-time bound 

+ —l(D?i + —)0("f dtdx < E. (8.36) 

Pen Pen 

Our next goal is to upgrade fl8.36p to asymptotic self-similarity by a rescaling argument. 

Lemma 8.11. Suppose that Theorem \1.3\ fails. Then there exists a sequence of admissible 
CtPL^ solutions {A^fcpA^'j [ 1 ,T„] x with t 00 satisfying the following properties: 

(1) Bounded energy in the cone 

< P, for every t G [1,T„], (8.37) 

(2) Small energy outside the cone 

for every t G [1,T„], (8.38) 

(3) Nontrivial energy in a time-like region 

[ > P 2 

J_5(1-72)‘ 
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for every t G [1,T„], 


(8.39) 






























as n —>■ oo 


(8.40) 


(4) Asymptotic self-similarity 

dMx ^ 0 

for every compact subset K of the interior of C\^i^oo)- 


Proof. Let be a sequence of solutions satisfying the conclusions of Lemmas 18.41 

and I8.inl Consider the time interval on which (I8.34p applies. Given T„ > 1, 

we partition Sn in to dyadic intervals of the form If = there are roughly 

I \ogen\/ logT„ many such intervals. We choose Tn so that logT„ ~ | loge^l^/^. Observe that 
Tn oo. Also, by the pigeonhole principle applied to fl8.36p . there exists j(n) such that 



^en I IV Jien 

HSn 


Psn 


log^n ^ 
logSnl 


rsj 


l0g£„|'/2^’ 


(8.41) 


which exhibits the desired decay as n —)■ cxd. 

We now rescale C,j(n) to Cfi ; abusing the notation a bit (but conforming to the statement 

of the lemma), we denote the rescaled solutions again by (A^"\0^"'^). From fl8.8|) and fl8.9|) 
with e® < fl8.37p and fl8.38p follow. Also, fl8.39p is a consequence of fl8.34p . Furthermore, 

(18.41 p implies 




+ —1(0^^) +^)0(O|2dMa:^O 

Pe'n Pe'„ 


as n ^ oo 


(8.42) 


where ef := [Tn’^'^Sn'^) ^Sn, obeys ef < —)■ 0. For any compact subset K of the interior 

of Cq^oo), which is in particular situated away from the boundary dC\^i^oo)-i note that 





o / 


+ 





dfdx —)■ 0 


by conservation of energy, localized Hardy’s inequality and the dominated convergence the¬ 
orem. Combined with fl8.42p . the desired asymptotic self-similarity fl8.40p follows. □ 


8.5. Concentration scales. Let 0*^"')) be a sequence of solutions given by Lemma r8.11[ 
We now present a combinatorial result that establishes the following dichotomy: Either there 
is a uniform non-concentration of energy, or we can identify a sequence of points and de¬ 
creasing scales at which energy concentrates. 

To state the result, we need few dehnitions. For each j = 1, 2, • • • we dehne 

C, :={(i,n e :V<t< V*'}. 

In words, Cj [resp. Cj] is the set of points in the truncated cone C[ 2 y 2 J+i) at distance > 1 
[resp. > 1/2] from the lateral boundary. For each j > 1, we have the following lemma. 

Lemma 8.12. Let {A^^\ be a sequence of admissible CtPL^ solutions on [1,T„] x 
with Tn ^ oo satisfying (18.371) - fl8.4Up for some E > 0. Let cq be as in Proposition \6. 1[ Then 
for each j = 1,2, ■ ■ ■, after passing to a subsequence, one of the following alternatives holds: 
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(1) Concentration of energy. There exist points (tn,Xn) G Cj, scales —)■ 0 and 

0 < r = r(j) <1/4 such that the following bounds hold: 


^ ptn-\-2rn 

4r^ 


sup < 4 ^ 0 ) 

xeBriXn) Cg 

+ l(Dxo “I—dtdx —)■ 0 as n ^ oo. 


(8.43) 

(8.44) 

(8.45) 


^ in 27 ’ 71 J BriXn^ P 

(2) Uniform non-concentration of energy. There exists 0 < r = r{j) < 1/4 such 
that the following bounds hold: 


7 ( 1 - 72 )* 


(^o)p^[^(n)^ 0W] dx > E 2 for t e [2\ 2^'+^), 


sup S{t}xBrix)[A^"'\(f>^"'^] < 
(t,x)GCj 




Ci 


+ |(D^^^ -I- dtdx —)■ 0 as n ^ 00 . 


(8.46) 

(8.47) 

(8.48) 


Here Cq > 0 is a universal constant much larger than the implicit constants in Lemma\475 


Proof. This lemma is essentially [3T1 Lemma 6.3]; for completeness we give a self-contained 
alternative proof, which relies on the use of the Hardy-Littlewood maximal function theorem 
to establish fl8.45p . 


Step 1. Fix j G {1, 2, ...}. We begin by identifying a ‘low energy barrier’ around Cj inside 
Cj. Let > 0 be a large integer to be determined later. We hrst partition the time interval 
[2J/2-^'''^) into smaller intervals Ik, where 


4 ;= [2i + -—1, 2^' + 


lOiV^ 


1,..., 10iV2L 


Accordingly, dehne Cj := CjP\{Ik xM^) and Cj := CjO^h xM^). Next, we partition Cj\Cj 
into U^^iCj’^, where 


C"’^ = {(t,x) eC/: ^ + 


- 1 , , 1 

< t — \x\ < - + 


2N 


2N 


}, i=l, 


.N. 


For each n and k, we claim that there exists 1 < i{n, k) < N such that 


sup S ^ —pt,k,£.(n,k) 




(8.49) 


Indeed, for each k consider the left endpoint 4 := 2-^ + {k — l)/ (lOA^). The set fl (Cj' \ Cj') 
is partitioned into N annuli of the form St^ flCj’’^. By the pigeonhole principle and the energy 
bound (I8.37p . there exists 1 < i{n, k) < N — 2 such that 


-£(n,/c)+2 









As lies in the domain of dependence of nCj’^, f|8.49p now follows by the 

local conservation of energy. 

We choose N large enough so that 


Hence, by fl8.49p . serves as a ‘low energy barrier’ that separates the behavior of the 

solution in the interior := from the outside. FixO < tq < 1/4 

(independent of n and k) so that 




Kk,<£(n,k) 


(8.50) 


Step 2. For each n and k, dehne fn,k ■ [0, ro] x /*, —)■ [0, cxd) by 
/n,fc(r,f) := sup{£p}xB,(x)[4l^"\0^”^] : {t,x) e 
We then dehne the lowest energy concentration scale rn^kif) as 


rn,kif) 


inf{r e [0,ro] : fn{t,r) > if fn{t,ro) > jicj, 

ro otherwise. 


(8.51) 


By the hnite speed of propagation, each is Lipschitz continuous with constant < 1: 

kn,fe(H) - rn,k{to)\ < \tl - to\. 

We hrst treat the case when there exists a common lower bound 0 < r(j) < ro of rn^k, 
i.e., rn,k{t) > r{j) for all n, k and t G Ik- Unraveling the dehnition of rn,k, we see that (I8.47p 
holds. Moreover, (I8.46p and (I8.48p follow directly from (I8.39p and (I8.4np . respectively. Thus 
we conclude that the second scenario (uniform non-concentration of energy) holds. 

To complete the proof, it only remains to consider the alternative case and show that 
the hrst scenario (concentration of energy) holds. After passing to a subsequence, we may 
assume that there exists k E {1,..., 10A^2-^} such that 


lim inf r-n^k = 0. (8.52) 

n^oo Ik ' 


Then we claim that there exist {tn,Xn) and r„ such that fl8.43l) - fl8.45|) hold with r(j) = rg, 
up to passing to a subsequence. 

Dehne 

1.2J+2 I- . 

«n:=/ f3l{t)dt, (3l{t):= +|(Dxi + -)</^”^rda;. 

Note that —>■ 0 by (I8.4np . By the Hardy-Littlewood maximal function theorem, for every 

a > 0 we have 

|{i e : M[f)l]{t) > a}| < lal (8,53) 

a 

where M[Pn]{t) is the Hardy-Littlewood maximal function on [2-^“^, 2-^’''^), given by 

M[f3n]{t) ■= sup ^ f I3l{t') dt'. 

a>0 J(f-a,t+a)n[2i'-l,2i'+2) 
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Roughly speaking, fl8.53p says that the desired conclusion fl8.45p holds for ‘most of’ t G Ik- 
This fact, combined with the flexibility of the choice of such that lim^^oo= 0, will 
lead to the desired conclusions fl8.43p - fl8.45p . 

More precisely, dehne the intervals J„, C Ij. by 

Jn := {t e 4 : M[l3l] < a„}, Kn := (4 - 4 + H 4, 

where 4 G 4 is a minimum of i.e., r„,A:(4) = iT^hk'f'n,k- By the uniform Lipschitz 
continuity of r^^k and the fact that ^ 0 as n ^ oo, we have 

sup Tn^kit) —>■ 0 as n —)■ oo. 

t£K„ 

Note that |4 \ 4| 4 by fl8.53p with a = a„, whereas \Kn\ = 2an^. Using again the fact 
that —)■ 0 as n —)■ cxD and passing to a subsequence, it follows that Jn H Kn 7 ^ 0 for all n. 
Choosing so that tn & Jn(^ Kn and := rn,kitn), we have 

2 ptn-\-a 

sup—/ /3^(f) df-)■ 0 , = r„_fc( 4 )-t 0 as n 00 . 

a>0 Jtj^—a 

In particular, fl8.45p holds. Passing to a subsequence if necessary, we may assume that 
f'n,k{tn) < fo'-, then there exists {tn,Xn) G f| 3 _ 43 |) holds for all n as well. 

Finally, thanks to the low energy barrier fl8.50p and the dehnition of rn,k, fl8.44p follows with 
r(j) = ro- □ 

8 . 6 . Compactness/rigidity argument. We are now ready to complete the proof of The¬ 
orem 11.31 by using the tools developed in Sections [ 6 ] and [71 

Completion of proof of Theorem M.tA Let be a sequence of admissible CtK^ solu¬ 

tions on [1, Tn] X given by Lemma 18. Ill We consider two cases according to Lemma [8. 121 
and show that both lead to contradictions. 

Case 1. Suppose that there exists j G {1,2,...} such that the hrst scenario (concentration 
of energy) in Lemma 18. 12l holds. We need to set things up so that we can use Proposition 16. 11 
and for that we also need local control of the K norm of 0. This is achieved via the improved 
form of Hardy’s inequality in Lemma 14.51 From fl8.44l) we obtain 

< ^el + Ca^E, a < 1 

To eliminate the second term we choose 

= ce^E~^ 

with a small universal constant c. Thus we have insured that the hypothesis of Proposition l 6 .ll 
are satished with respect to the rescaled ball with x as in fl8.44p . i.e., 

-F {(Trn)-^0^\tn)\\l2^Bs.^^ix)) < 4 (8-54) 

As Cj is pre-compact, we may assume that (tn, Xn) has a limit (to, xq) in the closure of Cj 
after passing to a subsequence. Consider the sequence 

(2W^ 0W)(^, 2 ;) .= rn(A^"‘\(t)^"‘^)(arnt + 4, + Xn). 
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(8.55) 


By fl8.43l) . there is always a nontrivial amount of energy at the origin, i.e., 

Fix any x G As —)■ 0, observe that the point VnX + Xn belongs to Br(j){xn) for 
sufficiently large n. Hence, by fl8.54p . we have 

^^{0}xB8(x)[A^’"\ 0^”^] + ||0^"nO)IU2(ij8(a:)) < 4 for Sufficiently large n. (8.56) 

Finally, by fl8.45p . the convergence {tn,Xn) —t (to,3:o) and smoothness of Xq, it follows that 

ff + |Dy dMx —)■ 0 as n —)■ oo. (8.57) 

J J{-2,2)xB2{x) 

where Y = Xo(to;^o) is a constant time-like vector held. Note that the contribution of the 
term dropped out by scaling. 

As a consequence, for each a: G we can apply Proposition 16. II to obtain a weak solution 
(A[a;], 0[3;]) G A"'((—1,1) X Bi{x)) to (IMKGp such that 

I'YB^x] 0, D[a:]y0[3;] 0, 

and (A‘^"'i, converges to {A\x\i 0p]) up to gauge transformations on (—1,1) x Bi{x) as in 
(I6.3p . (16. 4p . By Lemma 16.151 the weak solutions (Ajj.], 0[3,]) form weak compatible pairs (as 
in Dehnition l6.13p on the open cover {(—1,1) x Bi{x)}x^(i/ 2 )z* of (“1; 1) x Furthermore, 
by Proposition 17.3p there exists an equivalent set of smooth compatible pairs (A[q,], 0[„]) on 
some rehned open cover Q = {Qa} of (—1,1) x 

Let {A,(j)) be a global smooth pair on (—1,1) x equivalent to (A[„], 0 [q,]). We then 
extend (A, 0) to as a smooth solution to fIMKGp satisfying LyF = 0 and Dy0 = 0 by 
pulling back along the how of Y. Note that (A, 0) has hnite energy (in fact, bounded by 
< E), as we have 

0] locally in Ll^ on (-1,1) x (8.58) 

by fl6.4p and the gauge invariance of the energy density E)jrp, After applying a suitable 
Lorentz transform, we may furthermore assume that Y = T. By Proposition 17.11 it follows 
that £^[A,0] = 0, but this contradicts (I8.55p and (I8.58p . 

Case 2. Suppose that for every j G {1,2,...} the second scenario (uniform non-concen¬ 
tration of energy) in Lemma 18.121 holds. In this case there is no need to rescale. Indeed, 
fl8.47p and fl8.48p (as well as fl8.37p . fl8.38p and Lemma I475P allow us to apply the rescaled 
Proposition 16.11 directly to (AA),^!"-)) on {t} x aB{x), with a as in Case 1, for {t,x) G 
^[Too) f°^ some T = T(a) > 1. Proceeding as in the previous case using Lemma [6.151 and 
Proposition 17.31 we then obtain a global smooth pair (A, 0) on satisfying the following 

properties: 

• The pair (A, 0) is a smooth solution to fIMKGI) obeying the self-similarity condition 

iXoF = 0, (Dxo + -)(/> = -Dxo(P';^) = 0- 
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The following local convergences hold: 

Jt[^, 0] locally in Ll^ on 
0] locally in Ll, on 


(8.59) 

(8.60) 


We extend (A, 0) to a smooth self-similar solution to fIMKGp on the whole cone qo,oo) = 
{0 < r < f} by pulling back (A, p0) along the flow of Xq. Note that [A, 0) has hnite energy 
(again bounded by < F), thanks to the local convergence fl8.59p . Hence by Proposition 17.21 
it follows that £st[A^ 0] = 0 for every t e (0, cxd). However, this is a contradiction with fl8.46p 
(in particular, for large enough t so that 5 'd- 72 )t ^ C'L.) and fl8.60p . 


□ 
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